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PENTAGONAL GEOMETRIES WITH BLOCK SIZES 4
AND 5
A. D. FORBES
Abstract. A pentagonal geometry PENT(k, r) is a partial linear
space, where every line, or block, is incident with k points, every point
is incident with r lines, and for each point x, there is a line incident with
precisely those points that are not collinear with x. An opposite line
pair in a pentagonal geometry consists of two parallel lines such that
each point on one of the lines is not collinear with precisely those points
on the other line.
We present 24 new pentagonal geometries with block size 4. Con-
sequentially we determine the existence spectrum up to a few possible
exceptions for PENT(4, r) that do not contain opposite line pairs and
for PENT(4, r) with one opposite line pair. More generally, given j we
show that there exists a PENT(4, r) with j opposite line pairs for all
sufficiently large admissible r. Also we present six new group divisible
designs and five new pentagonal geometries with block size 5, which
enable us to extend the known existence spectrum for PENT(5, r).
1. Introduction
A pentagonal geometry is a uniform, regular partial linear space such that
for each point x, there is a line which is incident with precisely those points
that are not collinear with x. If k is the number of points incident with
a given line and r is the number of lines incident with a given point, then
k and r are constants, and we denote a pentagonal geometry with these
parameters by PENT(k, r). We always assume that k ≥ 2 and r ≥ 1.
For terminological convenience, we will break the point–line symmetry by
regarding lines as sets of points. Thus two points are collinear if they are on
(i.e. elements of) the same line. Lines are also called blocks, and we often
refer to the parameter k of a PENT(k, r) as the block size.
The concept of a pentagonal geometry was introduced in [2] to provide
a generalization of the pentagon and thus fill a gap in the theory of gener-
alized polygons. Feit & Higman proved that a generalized n-gon of order
(s, t) with s, t > 1 exists only if n ∈ {2, 3, 4, 6, 8}, [4, Theorem 1]. The
geometry described by Ball, Bamberg, Devillers & Stokes in [2] is based on
the observation that for each vertex x of a pentagon, the two vertices that
Date: June 30, 2020.
2010 Mathematics Subject Classification. 05B25, 51E12.
Key words and phrases. pentagonal geometry, group divisible design.
1
2 A. D. FORBES
are not collinear with x form a line. According to the above definition the
pentagon is a PENT(2, 2).
The line consisting of the points that are not collinear with point x is
called the opposite line to x and is denoted by xopp. An opposite line pair in
a pentagonal geometry is a pair of non-intersecting lines such that for each
point x on one of the lines, xopp is the other line. For any integer k ≥ 2, there
exists a PENT(k, 1), which consists of two lines that form an opposite line
pair, and we say that such a pentagonal geometry is degenerate. Conversely,
a PENT(k, r) with r > 1 is non-degenerate. As might be suggested by these
terms, pentagonal geometries that do not contain opposite line pairs are
considered to be more interesting than those that do.
In this paper we present 24 new pentagonal geometries with block size 4.
We use them to determine the existence spectrum up to a few possible excep-
tions for PENT(4, r) geometries without opposite line pairs (Theorems 2.1
and 2.2) as well as for PENT(4, r) geometries with precisely one opposite
line pair (Theorem 2.3). More generally, we show that given integer j ≥ 2,
there exists a PENT(4, r) with precisely j opposite line pairs for all suffi-
ciently large r ≡ 0 or 1 (mod 4); this is Theorem 2.4. We also present new
PENT(5, r) systems with which, together with some new group divisible de-
signs, we significantly extend the known existence spectrum of pentagonal
geometries with block size 5.
For the general theory as well as further background material, we refer
the reader to [2], and for convenience we reproduce some of its results.
Lemma 1.1. A pentagonal geometry PENT(k, r) has r(k−1)+k+1 points
and (r(k − 1) + k + 1)r/k lines. A PENT(k, r) exists only if r(r − 1) ≡
0 (mod k).
Proof. See [2, Lemma 2.1]. 
Given k, we say that r is admissible if r(r − 1) ≡ 0 (mod k).
Lemma 1.2. For a non-degenerate PENT(k, r), we have r ≥ k.
Proof. See [2, Lemma 2.2]. 
The deficiency graph of a pentagonal geometry has as its vertices the
points of the geometry, and there is an edge x ∼ y precisely when x and y
are not collinear.
Lemma 1.3. The deficiency graph of a pentagonal geometry PENT(k, r)
containing m opposite line pairs is the disjoint union of m copies of the
complete bipartite graph Kk,k together with, if r(k − 1) + k + 1 > 2mk, a
k-regular graph that has girth at least 5.
Proof. See [2, Lemma 2.5]. 
Hence the deficiency graph of a PENT(k, r) without an opposite line pair
has r(k − 1) + k + 1 vertices, is k-regular and has girth at least 5.
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Lemma 1.4. There exists a pentagonal geometry PENT(k, k) only when k =
2, 3, 7 and possibly 57. There exists a pentagonal geometry PENT(k− 1, k)
only when k = 3, 7 and possibly 57.
Proof. See [2, sections 3 and 4]. 
The pentagonal geometries of Lemma 1.4 are related to Moore graphs—
it turns out that the deficiency graphs of the PENT(k, k) for k = 2, 3 and
7 are the pentagon, the Petersen graph and the Hoffman–Singleton graph
respectively. Removing a point and its opposite line from a PENT(k, k),
k > 2, yields a PENT(k − 1, k), [2, Theorem 4.4].
For the creation of new pentagonal geometries from existing ones, we use
Theorem 1.1, below, a straightforward adaptation of Wilson’s Fundamental
Construction, [14], [10, Theorem IV.2.5], and a simple extension of [11,
Theorems 7 and 8]. First we require some definitions.
A group divisible design, k-GDD, of type gu11 g
u2
2 . . . g
un
n is an ordered triple
(V,G,B) such that:
(i) V is a base set of cardinality u1g1 + u2g2 + · · ·+ ungn;
(ii) G is a partition of V into ui subsets of cardinality gi, i = 1, 2, . . . , n,
called groups;
(iii) B is a non-empty collection of subsets of V with cardinality k, called
blocks; and
(iv) each pair of elements from distinct groups occurs in precisely one
block but no pair of elements from the same group occurs in any
block.
A k-GDD of type qk is also called a transversal design, TD(k, q). A parallel
class in a group divisible design is a subset of the block set in which each
element of the base set appears exactly once. A k-GDD is called resolvable,
and is denoted by k-RGDD, if the entire set of blocks can be partitioned into
parallel classes. If there exist k mutually orthogonal Latin squares (MOLS)
of side q, then there exists a (k+2)-GDD of type qk+2 and a (k+1)-RGDD
of type qk+1, [1, Theorem III.3.18]. Furthermore, as is well known, there
exist q − 1 MOLS of side q whenever q is a prime power.
Theorem 1.1. Let k ≥ 2 be an integer. For i = 1, 2, . . . , n, let ri be a
positive integer, let vi = (k−1)ri+k+1, and suppose there exists a pentagonal
geometry PENT(k, ri) with exactly pi opposite line pairs. Suppose also that
there exists a k-GDD of type vu11 v
u2
2 . . . v
un
n . Let N = u1 + u2 + · · · + un,
R = u1r1 + u2r2 + · · · + unrn and P = u1p1 + u2p2 + · · · + unpn. Then
there exists a pentagonal geometry PENT(k,R + (N − 1)(k + 1)/(k − 1))
with exactly P opposite line pairs.
Proof. Overlay each group of size vi with a PENT(k, ri), i = 1, 2, . . . , n.
Clearly the blocks of the group divisible design contain no opposite line pair.
Therefore any opposite line pairs in the PENT(k,R+(N−1)(k+1)/(k−1))
must arise from the PENT(k, ri). 
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2. Block size 4
By Lemma 1.1, a pentagonal geometry with block size 4, PENT(4, r), has
3r+5 points, and a necessary existence condition is that r ≡ 0 or 1 (mod 4).
Using the basic construction of Theorem 1.1 with the degenerate PENT(4, 1)
and 4-GDDs of type 83t+1 it is proved in [11, Theorem 11] that there exist
pentagonal geometries PENT(4, r) for all r ≡ 1 (mod 8). With the avail-
ability of new pentagonal geometries with block size 4, Lemmas 2.1 and
2.2, further progress has been possible. In [6] the existence spectrum prob-
lem for PENT(4, r) is solved completely when r ≡ 1 (mod 4) and with a
small number of possible exceptions when r ≡ 0 (mod 4). However, all of
the pentagonal geometries constructed in [11] and [6] contain opposite line
pairs. In this section we show that pentagonal geometries PENT(4, r) with-
out opposite line pairs exist for all admissible r ≥ 13 with a few possible
exceptions.
In Lemmas 2.1, 2.2 and 3.4 we present specific pentagonal geometries with
block sizes 4 and 5. For each PENT(k, r), the point set is Zv = {0, 1, . . . , v−
1}, where v = r(k − 1) + k + 1, and the lines are generated from a set of
base blocks by a mapping of the form x 7→ x+ d (mod v). The first d base
blocks are 0opp, 1opp, . . . , (d − 1)opp. In every case the deficiency graph is
connected and has girth at least 5.
Lemma 2.1. There exist pentagonal geometries PENT(4, r) with no oppo-
site line pairs for r ∈ {13, 17, 20, 21, 24}.
Proof. PENT(4, 13) With point set Z44, the 143 lines are generated from
{3, 38, 41, 42}, {4, 27, 31, 34}, {4, 8, 13, 23}, {0, 17, 21, 26},
{0, 6, 7, 16}, {1, 14, 22, 38}, {1, 18, 30, 43}, {0, 8, 18, 37},
{0, 2, 31, 32}, {0, 11, 22, 39}, {0, 1, 20, 33}, {1, 3, 9, 29},
{1, 15, 23, 35}
under the action of the mapping x 7→ x+4 (mod 44). The deficiency graph
is connected and has girth 6.
PENT(4, 17) With point set Z56, the 238 lines are generated from
{6, 39, 52, 55}, {11, 28, 39, 42}, {4, 17, 19, 30}, {19, 42, 43, 49},
{2, 8, 13, 33}, {13, 23, 52, 53}, {0, 14, 34, 54}, {8, 24, 25, 45},
{5, 20, 2, 11}, {0, 2, 28, 36}, {0, 7, 12, 44}, {0, 4, 9, 20},
{1, 5, 36, 43}, {3, 4, 22, 46}, {3, 15, 29, 36}, {2, 6, 12, 18},
{1, 20, 22, 53}, {1, 4, 35, 38}, {2, 21, 53, 54}, {3, 39, 45, 54},
{0, 19, 26, 53}, {0, 22, 29, 31}, {1, 13, 25, 54}, {2, 10, 23, 45},
{0, 35, 43, 45}, {0, 13, 30, 41}, {0, 3, 38, 48}, {1, 6, 7, 31},
{2, 14, 31, 43}, {0, 15, 24, 51}, {1, 2, 47, 49}, {0, 18, 23, 42},
{1, 15, 19, 23}, {0, 10, 33, 49}
under the action of the mapping x 7→ x+8 (mod 56). The deficiency graph
is connected and has girth 6.
PENT(4, 20) With point set Z65, the 325 lines are generated from
{11, 20, 45, 48}, {12, 44, 48, 55}, {13, 44, 56, 63}, {7, 20, 21, 57},
{26, 27, 29, 44}, {44, 20, 33, 32}, {30, 0, 34, 29}, {0, 2, 9, 60},
{0, 6, 8, 50}, {0, 10, 26, 42}, {0, 18, 39, 59}, {0, 36, 41, 53},
PENTAGONAL GEOMETRIES WITH BLOCK SIZES 4 AND 5 5
{0, 43, 44, 46}, {0, 17, 38, 62}, {0, 47, 57, 63}, {0, 19, 33, 49},
{0, 27, 51, 61}, {3, 9, 38, 48}, {2, 7, 33, 58}, {1, 26, 53, 58},
{1, 34, 43, 62}, {1, 14, 24, 27}, {1, 22, 49, 57}, {1, 7, 29, 47},
{1, 9, 16, 36}
under the action of the mapping x 7→ x+5 (mod 65). The deficiency graph
is connected and has girth 6.
PENT(4, 21) With point set Z68, the 357 lines are generated from
{13, 17, 19, 37}, {32, 43, 52, 56}, {26, 35, 46, 51}, {22, 29, 38, 52},
{13, 32, 50, 62}, {14, 13, 53, 43}, {57, 60, 15, 0}, {16, 26, 22, 44},
{0, 1, 9, 16}, {0, 29, 34, 42}, {0, 12, 39, 47}, {0, 7, 14, 51},
{0, 22, 32, 63}, {0, 5, 26, 62}, {0, 25, 41, 66}, {0, 2, 3, 67},
{0, 21, 33, 43}, {1, 19, 33, 66}, {1, 39, 54, 67}, {1, 15, 35, 47},
{1, 18, 46, 63}
under the action of the mapping x 7→ x+4 (mod 68). The deficiency graph
is connected and has girth 6.
PENT(4, 24) With point set Z77, the 462 lines are generated from
{4, 10, 55, 59}, {23, 27, 30, 46}, {23, 50, 57, 58}, {19, 21, 34, 70},
{0, 36, 39, 46}, {40, 41, 47, 66}, {28, 47, 52, 57}, {47, 25, 55, 71},
{54, 34, 51, 2}, {44, 17, 8, 28}, {76, 62, 39, 33}, {46, 55, 34, 44},
{46, 13, 62, 70}, {0, 43, 54, 58}, {48, 71, 50, 75}, {75, 43, 29, 26},
{58, 20, 18, 59}, {0, 1, 6, 48}, {0, 9, 27, 34}, {1, 3, 17, 20},
{0, 8, 14, 76}, {1, 13, 18, 31}, {1, 24, 34, 45}, {2, 31, 55, 68},
{1, 19, 41, 72}, {0, 15, 50, 74}, {1, 29, 66, 67}, {1, 40, 53, 74},
{0, 2, 22, 35}, {1, 52, 59, 65}, {0, 25, 37, 73}, {2, 10, 45, 53},
{0, 11, 31, 40}, {0, 7, 30, 52}, {0, 17, 47, 67}, {0, 5, 38, 61},
{0, 3, 18, 65}, {0, 12, 51, 56}, {2, 11, 12, 74}, {2, 47, 59, 61},
{0, 32, 60, 68}, {2, 16, 33, 60}
under the action of the mapping x 7→ x+7 (mod 77). The deficiency graph
is connected and has girth 6. 
Lemma 2.2. There exist pentagonal geometries PENT(4, r) with no oppo-
site line pairs for r ∈ {29, 33, 37, 40, 45, 49, 52, 53, 60, 61, 65, 69, 77, 80,
81, 85, 93, 100, 120}.
Proof. The pentagonal geometries are presented in Appendix A. 
In the following we repeatedly use Theorem 1.1 to create the PENT(4, r)
systems for r in each of the 22 admissible residue classes modulo 44 from
a PENT(4, 13) and PENT(4, s) systems for small s. We prove two theo-
rems concerning pentagonal geometries without opposite line pairs. The
first, Theorem 2.1, uses only a handful of PENT(4, s) systems, those of
Lemma 2.1. However, if we use in addition the nineteen PENT(4, s) of
Lemma 2.2, we obtain a stronger result, Theorem 2.2. For the existence
of the 4-GDDs of type gum1, used throughout the proofs, we refer to [5,
Theorem 1.2] when m 6= g, or [3] when m = g.
Theorem 2.1. There exist pentagonal geometries PENT(4, r) with no op-
posite line pairs for all positive integers r > 920, r ≡ 0 or 1 (mod 4).
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Proof. The constructions use Theorem 1.1 with 3w copies of the
PENT(4, 13) of Lemma 2.1, a PENT(4, s) without an opposite line pair
and a 4-GDD of type 443w(3s + 5)1. If the PENT(4, s) is not included in
Lemma 2.1, we construct it separately. The details are presented in Table 1.
For instance, in the first row of Table 1 we are to construct pentagonal
r
mod 44 s 4-GDD w PENT(4, r) t
0 132 443w4011 w ≥ 7 PENT(4, 44t) t ≥ 10
1 133 443w4041 w ≥ 7 PENT(4, 44t+ 1) t ≥ 10
4 136 443w4131 w ≥ 7 PENT(4, 44t+ 4) t ≥ 10
5 181 443w5481 w ≥ 9 PENT(4, 44t+ 5) t ≥ 13
8 228 443w6891 w ≥ 11 PENT(4, 44t+ 8) t ≥ 16
9 185 443w5601 w ≥ 9 PENT(4, 44t+ 9) t ≥ 13
12 188 443w5691 w ≥ 9 PENT(4, 44t+ 12) t ≥ 13
13 13 443w441 w ≥ 1 PENT(4, 44t+ 13) t ≥ 1
16 192 443w5811 w ≥ 10 PENT(4, 44t+ 16) t ≥ 14
17 17 443w561 w ≥ 2 PENT(4, 44t+ 17) t ≥ 2
20 20 443w651 w ≥ 2 PENT(4, 44t+ 20) t ≥ 2
21 21 443w681 w ≥ 2 PENT(4, 44t+ 21) t ≥ 2
24 24 443w771 w ≥ 2 PENT(4, 44t+ 24) t ≥ 2
25 157 443w4761 w ≥ 8 PENT(4, 44t+ 25) t ≥ 11
28 160 443w4851 w ≥ 8 PENT(4, 44t+ 28) t ≥ 11
29 293 443w8841 w ≥ 14 PENT(4, 44t+ 29) t ≥ 20
32 296 443w8931 w ≥ 14 PENT(4, 44t+ 32) t ≥ 20
33 297 443w8961 w ≥ 14 PENT(4, 44t+ 33) t ≥ 20
36 300 443w9051 w ≥ 15 PENT(4, 44t+ 36) t ≥ 21
37 125 443w3801 w ≥ 7 PENT(4, 44t+ 37) t ≥ 9
40 304 443w9171 w ≥ 15 PENT(4, 44t+ 40) t ≥ 21
41 129 443w3921 w ≥ 7 PENT(4, 44t+ 41) t ≥ 9
Table 1. Theorem 2.1: constructions
r u p q 4-GDD r u p q 4-GDD
132 6 17 20 566651 133 6 17 21 566681
136 6 17 24 566771 181 9 17 13 569441
228 9 21 24 689771 185 9 17 17 569561
188 9 17 20 569651 192 9 17 24 569771
157 6 21 21 686681 160 6 21 24 686771
293 15 17 13 5615441 296 12 21 24 6812771
297 15 17 17 5615561 300 15 17 20 5615651
125 6 17 13 566441 304 15 17 24 5615771
129 6 17 17 566561
Table 2. Theorem 2.1: PENT(4, r) required for the constructions
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r
mod 44 s 4-GDD w PENT(4, r) t
0 132 443w4011 w ≥ 7 PENT(4, 44t) t ≥ 10
1 45 443w1401 w ≥ 3 PENT(4, 44t+ 1) t ≥ 4
4 136 443w4131 w ≥ 7 PENT(4, 44t+ 4) t ≥ 10
5 49 443w1521 w ≥ 3 PENT(4, 44t+ 5) t ≥ 4
8 52 443w1611 w ≥ 3 PENT(4, 44t+ 8) t ≥ 4
9 53 443w1641 w ≥ 3 PENT(4, 44t+ 9) t ≥ 4
12 100 443w3051 w ≥ 5 PENT(4, 44t+ 12) t ≥ 7
13 13 443w441 w ≥ 1 PENT(4, 44t+ 13) t ≥ 1
16 60 443w1851 w ≥ 4 PENT(4, 44t+ 16) t ≥ 5
17 17 443w561 w ≥ 2 PENT(4, 44t+ 17) t ≥ 2
20 20 443w651 w ≥ 2 PENT(4, 44t+ 20) t ≥ 2
21 21 443w681 w ≥ 2 PENT(4, 44t+ 21) t ≥ 2
24 24 443w771 w ≥ 2 PENT(4, 44t+ 24) t ≥ 2
25 69 443w2121 w ≥ 4 PENT(4, 44t+ 25) t ≥ 5
28 160 443w4851 w ≥ 8 PENT(4, 44t+ 28) t ≥ 11
29 29 443w921 w ≥ 2 PENT(4, 44t+ 29) t ≥ 2
32 120 443w3651 w ≥ 6 PENT(4, 44t+ 32) t ≥ 8
33 33 443w1041 w ≥ 2 PENT(4, 44t+ 33) t ≥ 2
36 80 443w2451 w ≥ 5 PENT(4, 44t+ 36) t ≥ 6
37 37 443w1161 w ≥ 3 PENT(4, 44t+ 37) t ≥ 3
40 40 443w1251 w ≥ 3 PENT(4, 44t+ 40) t ≥ 3
41 85 443w2601 w ≥ 5 PENT(4, 44t+ 41) t ≥ 6
Table 3. Theorem 2.2: constructions
geometries for residue class 0 modulo 44, PENT(4, 44t). We take 3w copies
of a PENT(4, 13) (which has 44 points), a PENT(4, 132) (401 points), and a
4-GDD of type 443w4011, which exists if and only if w ≥ 7, [5, Theorem 1.2].
Therefore, by Theorem 1.1, there exists a PENT(4, 44w + 132) for w ≥ 7;
i.e. there exists a PENT(4, 44t) for t ≥ 10.
For the constructions to work, we require PENT(4, s) systems for those
values of s in column 2 of Table 1, namely s ∈ {13, 17, 20, 21, 24, 125,
129, 132, 133, 136, 157, 160, 181, 185, 188, 192, 228, 293, 296, 297, 300,
304}. The PENT(4, s) that are not given by Lemma 2.1 are constructed by
Theorem 1.1 from u copies of a PENT(4, p), one copy of a PENT(4, q) and
a 4-GDD of type (3p+5)u(3q+5)1, as presented in Table 2. See Lemma 2.1
for the existence of the PENT(4, p) and the PENT(4, q).
The largest r for which the constructions do not create a PENT(4, r) is
r = 920 corresponding to t = 20 in entry 40 of Table 1. 
Theorem 2.2. There exist pentagonal geometries PENT(4, r) with no op-
posite line pairs for all positive integers r ≡ 0 or 1 (mod 4) except for r ∈
{1, 4, 5} and except possibly for r ∈ {8, 9, 12, 16, 25, 28, 32, 36, 41, 44,
48, 56, 64, 68, 72, 73, 76, 84, 88, 89, 92, 96, 97, 104, 113, 116, 124, 128,
137, 140, 144, 148, 164, 168, 180, 212, 308}.
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r u p q 4-GDD r u p q 4-GDD
125 6 17 13 566441 129 6 17 17 566561
133 6 17 21 566681 141 6 17 29 566921
157 6 21 21 686681 173 6 21 37 6861161
176 6 21 40 6861251 188 9 17 20 569651
192 9 17 24 569771 201 6 29 17 926561
204 6 29 20 926651 208 6 29 24 926771
217 9 21 13 689441 220 9 17 52 5691611
224 9 21 20 689651 232 6 33 24 1046771
248 12 17 24 5612771 252 6 37 20 1166651
256 6 37 24 1166771 261 6 37 29 1166921
264 12 17 40 56121251 268 6 33 60 10461851
276 12 17 52 56121611 292 12 21 20 6812651
296 9 29 20 929651 312 12 21 40 68121251
336 9 33 24 1049771 340 15 17 60 56151851
352 9 33 40 10491251 356 18 17 20 5618651
380 15 21 40 68151251 396 18 17 60 56181851
400 9 37 52 11691611 424 6 65 24 2006771
468 24 17 20 5624651
Table 4. Theorem 2.2: missing values
Proof. The only PENT(4, 1) consists of just an opposite line pair. By
Lemma 1.4, PENT(4, 4) and PENT(4, 5) do not exist.
The main constructions are similar to those of Theorem 2.1. For each
admissible residue class modulo 44, we use Theorem 1.1 with 3w copies of
the PENT(4, 13) of Lemma 2.1, an opposite-line-pair-free PENT(4, s) and
a 4-GDD of type 443w(3s+ 5)1. The details are presented in Table 3.
For the main constructions, we require PENT(4, s) systems for those val-
ues of s in column 2 of Table 3, namely s ∈ E, where E = {13, 17, 20,
21, 24, 29, 33, 37, 40, 45, 49, 52, 53, 60, 69, 80, 85, 100, 120, 132, 136,
160}. The PENT(4, s) for s ∈ E that are not given by Lemmas 2.1 and 2.2,
namely s = 132, 136 and 160, are constructed as indicated in Table 2 of
Theorem 2.1.
The values of r = 44t+ρ for which the main constructions do not produce
a PENT(4, 44t+ ρ), i.e. where r /∈ E and t is less than the minimum stated
in Table 3, are given by r ∈ X = {1, 4, 5, 8, 9, 12, 16, 25, 28, 32, 36, 41, 44,
48, 56, 61, 64, 65, 68, 72, 73, 76, 77, 81, 84, 88, 89, 92, 93, 96, 97, 104, 113,
116, 124, 125, 128, 129, 133, 137, 140, 141, 144, 148, 157, 164, 168, 173, 176,
180, 188, 192, 201, 204, 208, 212, 217, 220, 224, 232, 248, 252, 256, 261, 264,
268, 276, 292, 296, 308, 312, 336, 340, 352, 356, 380, 396, 400, 424, 468}.
For r ∈ {61, 65, 77, 81, 93}, see Lemma 2.2. For the remaining r ∈ X
that are not listed as exceptions and possible exceptions in the statement of
the theorem, a PENT(4, r) is constructed by Theorem 1.1 from u copies of a
PENT(4, p), one copy of a PENT(4, q) and a 4-GDD of type (3p+5)u(3q +
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r
mod 44 s 4-GDD w PENT(4, r) t
0 1496 443w44931 w ≥ 69 PENT(4, 44t) t ≥ 103
1 1 443w81 w ≥ 2 PENT(4, 44t+ 1) t ≥ 2
4 1236 443w37131 w ≥ 57 PENT(4, 44t+ 4) t ≥ 85
5 137 443w4161 w ≥ 7 PENT(4, 44t+ 5) t ≥ 10
8 976 443w29331 w ≥ 45 PENT(4, 44t+ 8) t ≥ 67
9 185 443w5601 w ≥ 9 PENT(4, 44t+ 9) t ≥ 13
12 1156 443w34731 w ≥ 53 PENT(4, 44t+ 12) t ≥ 79
13 233 443w7041 w ≥ 11 PENT(4, 44t+ 13) t ≥ 16
16 2876 443w86331 w ≥ 132 PENT(4, 44t+ 16) t ≥ 197
17 281 443w8481 w ≥ 14 PENT(4, 44t+ 17) t ≥ 20
20 3056 443w91731 w ≥ 140 PENT(4, 44t+ 20) t ≥ 209
21 417 443w12561 w ≥ 20 PENT(4, 44t+ 21) t ≥ 29
24 2796 443w83931 w ≥ 128 PENT(4, 44t+ 24) t ≥ 191
25 113 443w3441 w ≥ 6 PENT(4, 44t+ 25) t ≥ 8
28 1876 443w56331 w ≥ 86 PENT(4, 44t+ 28) t ≥ 128
29 205 443w6201 w ≥ 10 PENT(4, 44t+ 29) t ≥ 14
32 2276 443w68331 w ≥ 104 PENT(4, 44t+ 32) t ≥ 155
33 209 443w6321 w ≥ 10 PENT(4, 44t+ 33) t ≥ 14
36 2016 443w60531 w ≥ 93 PENT(4, 44t+ 36) t ≥ 138
37 169 443w5121 w ≥ 9 PENT(4, 44t+ 37) t ≥ 12
40 1756 443w52731 w ≥ 81 PENT(4, 44t+ 40) t ≥ 120
41 305 443w9201 w ≥ 15 PENT(4, 44t+ 41) t ≥ 21
Table 5. Theorem 2.3: constructions
s u p 4-GDD s u p 4-GDD
1496 69 20 656981 1236 57 20 655781
137 6 21 68681 976 45 20 654581
185 6 29 92681 1156 45 24 774581
233 6 37 116681 2876 69 40 1256981
281 15 17 561581 3056 141 20 6514181
417 12 33 1041281 2796 129 20 6512981
113 6 17 56681 1876 45 40 1254581
205 9 21 68981 2276 105 20 6510581
209 6 33 104681 2016 93 20 659381
169 9 17 56981 1756 81 20 658181
305 6 49 152681
Table 6. Theorem 2.3: PENT(4, r) required for the constructions
5)1, as shown in Table 4. See Lemmas 2.1 and 2.2 for the existence of the
PENT(4, p) and the PENT(4, q). 
Theorem 2.3. If r > 9172 and r ≡ 0 or 1 (mod 4), there exists a pentag-
onal geometry PENT(4, r) with precisely one opposite line pair.
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Proof. The proof is similar to that of Theorem 2.1. For each admissi-
ble residue class modulo 44, we use Theorem 1.1 with 3w copies of the
PENT(4, 13) of Lemma 2.1, a PENT(4, s) with exactly one opposite line
pair, and a 4-GDD of type 443w(3s + 5)1, [5, Theorem 1.2], as shown in
Table 5.
For s 6= 1, the PENT(4, s) required for the constructions are built from
u copies of a PENT(4, p) from Theorem 2.2, a PENT(4, 1) and a 4-GDD of
type (3p+5)u81, as indicated in Table 6. For the 4-GDDs of type gu81, see
[5, Theorem 1.2] when g is even and [13, Theorem 7.1] when g is odd.
The largest r for which the constructions fail is r = 9172 corresponding
to t = 208 in entry 20 of Table 5. 
Finally in this section we prove a more general theorem.
Theorem 2.4. Given non-negative integer j, for all sufficiently large r ≡
0 or 1 (mod 4), there exists a pentagonal geometry PENT(4, r) with precisely
j opposite line pairs.
Proof. For each ρ ∈ {0, 4, . . . , 40} ∪ {1, 5, . . . , 41}, the set of admissible
residues modulo 44, perform the following constructions.
Choose integers a and t such that:
t ≥ 1, 12t+ 1 ≥ j, gcd(12t + 1, 44) = 1,
(12t + 1)a+ 20t ≡ ρ (mod 44),
there exists a PENT(4, a), A, with no opposite line pair,
there exists a PENT(4, a), A′, with exactly one opposite line pair.
For a and t chosen as indicated, there exists a 4-GDD of type (3a+5)12t+1,
[3]. Also a ≡ ρ (mod 4) and therefore the existence of the pentagonal geome-
tries A and A′ follows from Theorems 2.2 and 2.3 provided a is sufficiently
large. Using Theorem 1.1 with 12t + 1 − j copies of A, j copies of A′ and
the 4-GDD, create a PENT(4, s) with exactly j opposite line pairs, where
s = (12t+ 1)a+ 20t ≡ ρ (mod 44).
Now use Theorem 1.1 with 3w copies of the PENT(4, 13) from Lemma 2.1,
one copy of the PENT(4, s), and a 4-GDD of type 443w(3s + 5)1, [5, The-
orem 1.2], to create for all sufficiently large w a PENT(4, 44w + s), i.e. a
PENT(4, 44(w + ⌊s/44⌋) + ρ), with exactly j opposite line pairs. 
3. Block size 5
By Lemma 1.1, a pentagonal geometry with block size 5, PENT(5, r), has
4r+6 points, and a necessary existence condition is that r ≡ 0 or 1 (mod 5).
We begin by presenting some 5-GDDs, which we believe to be new.
Lemma 3.1. There exist 5-GDDs of types 235, 271, 24061, 440121, 1010181
and 2010361.
Proof. We write Zv for the set {0, 1, . . . , v − 1}. The expression a (mod b)
denotes the integer n that satisfies 0 ≤ n < b and b|n− a.
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235 With the point set Z70 partitioned into residue classes modulo 34 for
{0, 1, . . . , 67}, and {68, 69}, the design is generated from
{45, 4, 46, 61, 7}, {53, 36, 21, 47, 59}, {14, 12, 68, 33, 7},
{0, 1, 10, 67, 69}, {1, 5, 13, 38, 59}, {0, 9, 30, 33, 38},
{0, 5, 45, 48, 62}, {0, 13, 32, 54, 61}, {0, 37, 39, 55, 59},
{1, 11, 14, 46, 51}, {0, 6, 18, 31, 58}, {0, 26, 27, 46, 50},
{0, 7, 15, 51, 66}, {0, 4, 12, 28, 47}
by the mapping: x 7→ x + 4j (mod 68) for x < 68, x 7→ x for x ≥ 68,
0 ≤ j < 17.
271 With the point set Z142 partitioned into residue classes modulo 71 for
{0, 1, . . . , 141}, the design is generated from
{50, 79, 70, 2, 62}, {111, 131, 43, 136, 52}, {83, 52, 87, 140, 98},
{34, 7, 117, 62, 10}, {110, 60, 126, 21, 81}, {0, 1, 3, 22, 41},
{0, 4, 14, 61, 112}, {0, 6, 38, 78, 101}, {0, 2, 67, 75, 111},
{0, 11, 18, 33, 45}, {0, 5, 51, 81, 129}, {1, 7, 17, 59, 87},
{0, 7, 56, 99, 125}, {0, 13, 36, 116, 141}
by the mapping: x 7→ x+ 2j (mod 142), 0 ≤ j < 71.
24061 With the point set Z86 partitioned into residue classes modulo 40 for
{0, 1, . . . , 79}, and {80, 81, . . . , 85}, the design is generated from
{51, 31, 63, 50, 27}, {4, 7, 69, 34, 71}, {0, 2, 7, 73, 80},
{0, 6, 49, 75, 82}, {0, 20, 41, 51, 79}, {0, 11, 45, 62, 81},
{0, 8, 17, 23, 64}, {0, 19, 27, 52, 77}, {0, 4, 14, 46, 58}
by the mapping: x 7→ x+2j (mod 80) for x < 80, x 7→ (x−80+3j (mod 6))+
80 for x ≥ 80, 0 ≤ j < 40.
440121 With the point set Z172 partitioned into residue classes modulo 40
for {0, 1, . . . , 159}, and {160, 161, . . . , 171}, the design is generated from
{126, 41, 170, 39, 80}, {76, 48, 127, 11, 75}, {75, 27, 20, 5, 52},
{0, 3, 9, 134, 160}, {0, 18, 61, 115, 162}, {0, 10, 21, 34, 93},
{0, 5, 19, 76, 129}, {0, 4, 12, 42, 104}, {0, 16, 33, 82, 102}
by the mapping: x 7→ x + j (mod 160) for x < 160, x 7→ (x − 160 +
3j (mod 12)) + 160 for x ≥ 160, 0 ≤ j < 160.
1010181 With the point set Z118 partitioned into residue classes modulo
9 for {0, 1, . . . , 89}, {90, 91, . . . , 99}, and {100, 101, . . . , 117}, the design is
generated from
{23, 19, 29, 81, 16}, {24, 20, 30, 82, 17}, {53, 101, 36, 48, 99},
{54, 102, 37, 49, 90}, {109, 48, 4, 64, 15}, {0, 8, 43, 90, 111},
{0, 26, 59, 75, 94}, {1, 15, 35, 61, 115}, {0, 21, 22, 61, 113},
{0, 1, 20, 76, 114}, {0, 2, 50, 69, 100}, {0, 23, 31, 66, 95},
{0, 37, 79, 97, 106}, {0, 29, 51, 53, 108}
by the mapping: x 7→ x+2j (mod 90) for x < 90, x 7→ (x+2j (mod 10))+90
for 90 ≤ x < 100, x 7→ (x−100+2j (mod 18))+100 for x ≥ 100, 0 ≤ j < 45.
2010361 With the point set Z236 partitioned into residue classes modulo 9
for {0, 1, . . . , 179}, {180, 181, . . . , 199}, and {200, 201, . . . , 235}, the design is
generated from
{30, 181, 74, 177, 99}, {85, 54, 70, 158, 119}, {135, 134, 235, 40, 64},
{197, 34, 32, 233, 87}, {199, 70, 225, 59, 13}, {0, 3, 7, 13, 181},
{0, 5, 22, 197, 220}, {0, 23, 137, 196, 233}, {0, 14, 35, 93, 119},
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{0, 19, 60, 116, 213}, {0, 8, 121, 151, 229}, {0, 40, 91, 138, 200},
{0, 20, 48, 148, 223}, {0, 12, 74, 142, 226}
by the mapping: x 7→ x+j (mod 180) for x < 180, x 7→ (x+j (mod 20))+180
for 180 ≤ x < 200, x 7→ (x−200+j (mod 36))+200 for x ≥ 200, 0 ≤ j < 180.

The next two lemmas are special cases of well-known GDD constructions.
Lemma 3.2. Suppose there exists a 5-GDD of type gu11 g
u2
2 . . . g
un
n . Then
for positive integer h /∈ {2, 3, 6, 10}, there exists a 5-GDD of type
(g1h)
u1(g2h)
u2 . . . (gnh)
un .
Proof. Inflate each point of the 5-GDD by a factor of h and replace the
blocks with 5-GDDs of type h5. There exists a 5-GDD of type h5 for h ≥ 1,
h 6∈ {2, 3, 6, 10}, [7, Theorem IV.4.16]. 
Lemma 3.3. Suppose there exists a 4-RGDD of type gu. Then there exists
a 5-GDD of type gu(g(u − 1)/3)1.
Proof. Let d = g(u−1)/3. The blocks of the 4-RGDD are partitioned into d
parallel classes, P1, P2, . . . , Pd, say. Create a new group of size d consisting
of points p1, p2, . . . , pd and augment each block of Pi with pi, i = 1, 2, . . . ,
d. 
With the 5-GDD of type 235 we are able to offer a small improvement
over [11, Theorem 12].
Theorem 3.1. There exists a pentagonal geometry PENT(5, r) for all r ≡
1 (mod 5), r 6= 6, except possibly for r ∈ {11, 16, 36, 56, 66, 81, 96, 116}.
Proof. This is Theorem 12 of [11] apart from r = 86, which is stated as a
possible exception.
For PENT(5, 86), we use Theorem 1.1 with the degenerate PENT(5, 1)
and a 5-GDD of type 1035. The 5-GDD is constructed from the 5-GDD of
type 235 of Lemma 3.1 by Lemma 3.2 with h = 5. 
To deal with the other residue class, r ≡ 0 (mod 5), we first present some
new pentagonal geometries with block size 5.
Lemma 3.4. There exist pentagonal geometries PENT(5, r) with no oppo-
site line pairs for r ∈ {20, 25, 30, 35, 40}.
Proof. PENT(5, 20) With point set Z86, the 344 lines are generated from
{20, 41, 65, 66, 67}, {20, 22, 33, 46, 55}, {46, 19, 35, 82, 75},
{50, 19, 1, 80, 13}, {4, 58, 62, 80, 46}, {49, 77, 34, 82, 85},
{0, 5, 8, 14, 71}, {0, 17, 27, 31, 69}
under the action of the mapping x 7→ x+2 (mod 86). The deficiency graph
is connected and has girth 5.
PENT(5, 25) With point set Z106, the 530 lines are generated from
{13, 37, 42, 64, 71}, {36, 53, 55, 70, 94}, {32, 33, 28, 43, 59},
{0, 3, 35, 41, 97}, {0, 25, 33, 44, 103}, {0, 21, 39, 61, 81},
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{0, 2, 47, 51, 100}, {0, 9, 23, 30, 46}, {0, 12, 32, 75, 105},
{0, 10, 28, 66, 80}
under the action of the mapping x 7→ x+2 (mod 106). The deficiency graph
is connected and has girth 6.
PENT(5, 30) With point set Z126, the 756 lines are generated from
{29, 31, 36, 90, 117}, {10, 23, 96, 98, 105}, {36, 48, 56, 91, 81},
{68, 94, 39, 25, 50}, {0, 1, 4, 52, 111}, {0, 6, 17, 34, 102},
{0, 22, 61, 91, 125}, {0, 5, 32, 42, 112}, {0, 3, 50, 66, 87},
{0, 15, 23, 64, 113}, {0, 47, 73, 93, 105}, {1, 5, 53, 71, 77}
under the action of the mapping x 7→ x+2 (mod 126). The deficiency graph
is connected and has girth 5.
PENT(5, 35) With point set Z146, the 1022 lines are generated from
{34, 69, 112, 119, 133}, {14, 28, 73, 75, 78}, {33, 40, 93, 22, 62},
{77, 129, 111, 38, 41}, {0, 1, 2, 25, 127}, {0, 5, 9, 122, 138},
{0, 15, 37, 93, 121}, {0, 43, 60, 123, 135}, {0, 26, 67, 105, 113},
{0, 49, 55, 65, 97}, {0, 6, 38, 89, 115}, {0, 19, 28, 58, 70},
{0, 20, 74, 101, 131}, {0, 4, 48, 84, 94}
under the action of the mapping x 7→ x+2 (mod 146). The deficiency graph
is connected and has girth 6.
PENT(5, 40) With point set Z166, the 1328 lines are generated from
{42, 124, 155, 157, 163}, {4, 10, 12, 61, 107}, {141, 41, 148, 155, 51},
{35, 131, 151, 84, 147}, {121, 94, 53, 138, 154}, {0, 1, 26, 29, 30},
{0, 5, 23, 36, 45}, {0, 10, 35, 102, 119}, {0, 41, 53, 79, 114},
{0, 11, 43, 85, 129}, {0, 13, 37, 71, 101}, {0, 21, 77, 104, 132},
{0, 14, 70, 89, 161}, {0, 15, 38, 58, 145}, {0, 12, 73, 88, 112},
{0, 18, 40, 86, 134}
under the action of the mapping x 7→ x+2 (mod 166). The deficiency graph
is connected and has girth 6. 
To employ constructions similar to those described in section 2 we require
suitable group divisible designs with block size 5 and type gum1. Unfortu-
nately relatively few seem to be available. Nevertheless, with 5-GDDs of
type gu we can create infinite sets of pentagonal geometries albeit some-
what sparser than those of Theorem 3.1.
Theorem 3.2. Suppose there exists a PENT(5, r) with r ≥ 20.
(i) If r ≡ 0 (mod 5), then for t ≥ 0, there exists a PENT(5, (10r+15)t+r).
(ii) If r ≡ 0 (mod 5), then for t ≥ 0, there exists a PENT(5, (10r+15)t+
5r + 6) except possibly when r ≤ 1220, r 6≡ 0 (mod 3) and t = 1.
(iii) If r ≡ 1 (mod 5), then for t ≥ 2, there exists a PENT(5, (2r+3)t+r)
except possibly when r ∈ R1 and t = 11, where
R1 = {21, 26, 31, 41, 86, 136, 191, 211, 226, 296, 356, 466, 551}.
Proof. Let v = 4r+6 and note that v ≥ 86. In each case we use Theorem 1.1
together with an appropriate 5-GDD of type vu for the existence of which
we refer to [12, Theorem 2.25].
(i) Since v ≡ 6 (mod 20) there exists a 5-GDD of type v10t+1 for t ≥ 0.
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(ii) Since v ≡ 6 (mod 20) there exists a 5-GDD of type v10t+5 for t ≥ 0
except possibly when v ≤ 4886, gcd(v/2, 30) = 1 and t = 1, i.e. when
r ≤ 1220, r 6≡ 0 (mod 3) and t = 1.
(iii) Since v ≡ 10 (mod 20) there exists a 5-GDD of type v2t+1 for t ≥ 2
except possibly when
v ∈ {90, 110, 130, 170, 350, 550, 770, 850, 910, 1190, 1430, 1870, 2210},
and t = 11, i.e. when r = (v − 6)/4 ∈ R1 and t = 11. 
Theorem 3.3. There exist pentagonal geometries PENT(5, r) with no op-
posite line pairs for the following r, where in each case t = 0, 1, . . . :
215t + 20, 265t+ 25, 315t+ 30, 365t+ 35, 415t+ 40.
There exist pentagonal geometries PENT(5, r) with no opposite line pairs
for the following r:
215t+ 106, t ≥ 0, t 6= 1, 265t+ 131, t ≥ 0, t 6= 1,
315t+ 156, t ≥ 0, 365t+ 181, t ≥ 0, t 6= 1.
415t+ 206, t ≥ 0, t 6= 1.
Proof. This follows from Lemma 3.4 and Theorem 3.2. 
Further iterations of the constructions described in Theorem 3.3 fail
to yield pentagonal geometries with new parameters. For example, a
PENT(5, 215t+20) together with a 5-GDD of type (860t+86)10u+1 gives a
PENT(5, 215(10tu + t+ u) + 20).
Now observe that the number of points in a PENT(5, r) quite often has
the form gq, where g is even and q is a prime power that is not too small.
Then there exists a (u + 1)-GDD of type qu+1 (i.e. a transversal design
TD(u + 1, q)) for 5 ≤ u ≤ q, [1], and further pentagonal geometries with
block size 5 are constructible. The next lemma is an application of Wilson’s
Fundamental Construction, [10, Theorem IV.2.5].
Lemma 3.5. Let g, u and q be positive integers such that u ≤ q. Suppose
D is a set of non-negative integers such that there exists a 5-GDD of type
gud for each d ∈ D. Suppose also that there exists a (u + 1)-GDD of type
qu+1. Then there exists a 5-GDD of type (gq)um1 for each m that is a sum
of q elements of D.
Proof. Take the (u + 1)-GDD of type qu+1, select a group and inflate its
points by factors d1, d2, . . . , dq ∈ D. Inflate all other points by a factor of
g. Overlay the inflated blocks with 5-GDDs of types gud1i , i = 1, 2, . . . , q,
as appropriate. The result is a 5-GDD of type (gq)u(d1+d2+ · · ·+dq)
1. 
Our next two lemmas are special cases of Lemma 3.5 and exploit the
known existence of certain 5-GDD types.
Lemma 3.6. Let g and q be positive integers such that g is even, g /∈ {6, 12},
q ≥ 40 and there exist 39 mutually orthogonal Latin squares of side q. Then
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there exist 5-GDDs of types g40(gd)1 for d ∈ {1, 3, 13} as well as 5-GDDs
of types (gq)40m1 for m ∈M40(g, q), where
M40(g, q) = {gj : j ∈ {q, q + 2, . . . , 13q − 40}}
∪ {g(13q − j) : j ∈ {36, 34, 32, 30, 24, 22, 20, 12, 10, 0}}.
(1)
Proof. There exist 5-GDDs of the following types: 241 and 441 from [12, The-
orem 2.25]; 24061 and 440121 from Lemma 3.1; 240261 and 440521 obtained by
Lemma 3.3 from 4-RGDDs of types 240 and 440, [8] or [9, Theorem IV.5.44].
Except for g ∈ {6, 12} we use Lemma 3.2 to construct 5-GDDs of types
g40(gd)1 for d ∈ {1, 3, 13} from the corresponding 5-GDDs of types 240(2d)1
and 440(4d)1.
For the 5-GDDs of type (gq)40m1, m ∈ M40(g, q), we use Lemma 3.5
with u = 40 and D = {g, 3g, 13g}. The existence of 39 MOLS of side q
guarantees the existence of a 41-GDD of type q41. The possible sums of q
elements taken from D are given by (1). 
Lemma 3.7. Let g and q be positive integers such that g is a multiple of
10, g /∈ {30, 60}, q ≥ 10 and there exist 9 mutually orthogonal Latin squares
of side q. Then there exist 5-GDDs of types g10(gd/5)1 for d ∈ {5, 9, 15} as
well as 5-GDDs of types (gq)10m1 for m ∈M10(g, q), where
M10(g, q) = {gj/5 : j ∈ {5q, 5q + 2, . . . , 15q}
\ {5q + 2, 5q + 6, 15q − 14, 15q − 8, 15q − 4, 15q − 2}}.
(2)
Proof. The proof is similar to that of Lemma 3.6. There exist 5-GDDs
of the following types: 1011 and 2011 from [12, Theorem 2.25]; 1010181 and
2010361 from Lemma 3.1; 1010301 and 2010601 by Lemma 3.3 from 4-RGDDs
of types 1010 and 2010, [12, Theorem 4.21]. Except for g ∈ {30, 60} we use
Lemma 3.2 to construct 5-GDDs of types g10(gd/5)1 for d ∈ {5, 9, 15} from
the corresponding 5-GDDs of types 1010(2d)1 and 2010(4d)1.
For the 5-GDDs of type (gq)10m1, m ∈M10(g, q), we use Lemma 3.5 with
u = 10 and D = {gj/5 : j ∈ {5, 9, 15}}. The possible sums of q elements
taken from D are given by (2). 
We give some examples to show how Lemmas 3.6 and 3.7 can yield new
pentagonal geometries.
Construction 3.1. Start with a pentagonal geometry PENT(5, r), where
4r+6 = gq such that g is even, g /∈ {6, 12} and there exist 39 MOLS of side
q. Define M40(g, q) as in (1). Use Lemma 3.6 to construct 5-GDDs of types
(gq)40m1, m ∈M40(g, q).
Using Theorem 1.1 with 40 copies of the PENT(5, r), for each m ∈
M40(g, q) such that there exists a PENT(5, (m − 6)/4) we can construct
a PENT(5, 40r + (m− 6)/4 + 60).
Construction 3.2. Start with a pentagonal geometry PENT(5, r), where
4r + 6 = gq such that g is divisible by 10, g /∈ {30, 60} and there exist 9
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MOLS of side q. Define M10(g, q) as in (2). Use Lemma 3.7 to construct
5-GDDs of types (gq)10m1, m ∈M10(g, q).
Using Theorem 1.1 with 10 copies of the PENT(5, r), for each m ∈
M10(g, q) such that there exists a PENT(5, (m − 6)/4) we can construct
a PENT(5, 10r + (m− 6)/4 + 15).
To exploit these two constructions, first let R = {20, 25, 35, 40} and recall
from Lemma 3.4 that there exists a PENT(5, r) with no opposite line pair
for r ∈ R∪{30}. Let r0 ∈ R and q = 2r0+3, half the number of points in the
PENT(5, r0). Observe that q is prime, q ≥ 40 and that we cannot include 30
in R because the corresponding q is unsuitable. Invoking Construction 3.1
with g = 2 gives
M40(2, q) = {2q, 2q + 4, . . . , 26q − 80}
∪ {26q − 2j : j ∈ {36, 34, 32, 30, 24, 22, 20, 12, 10, 0}},
and after eliminating thosem ∈M40(2, q) where either a PENT(5, (m−6)/4)
does not exist, or a PENT(5, 40r0+(m−6)/4+60) exists by Theorem 3.3, we
obtain the following pentagonal geometries PENT(5, r), all with no opposite
line pairs:
r0 = 20 : r = 885, 890, 895, 900, 991, 1016, 1041, 1066,
r0 = 25 : r = 1090, 1100, 1166, 1216, 1241, 1266, 1295,
r0 = 35 : r = 1500, 1566, 1591, 1616, 1666, 1695, 1750, 1805, 1910, 1915,
r0 = 40 : r = 1766, 1791, 1816, 1841, 1895, 1950, 2005, 2060, 2110, 2131.
(3)
For instance, r = 2131 arises from r0 = 40, q = 83 and s = 471 corre-
sponding to 4s + 6 = 1890 ∈ M40(2, 83). Indeed, 1890 is expressible as the
sum of 83 elements from {2, 6, 26}: 1890 = 71 · 26 + 5 · 6 + 7 · 2, say. The
relevant 5-GDD type is 1664018901. Thus a PENT(5, 2131) is constructed
from existing pentagonal geometries with no opposite line pairs, 40 copies
of PENT(5, 40) and one of PENT(5, 471). The PENT(5, 471) is obtained
by Theorem 3.3 from 15 copies of PENT(5, 30) and a 5-GDD of type 12615,
which exists by [12, Theorem 2.25].
Now let R = {106, 131, 181, 206} and recall from Theorem 3.3 that there
exists a pentagonal geometry PENT(5, r) for each r ∈ R∪{156}. Let r0 ∈ R
and q = (4r0 + 6)/10. Invoking Construction 3.2 with g = 10 gives
M10(10, q) = {10q, 10q + 4, . . . , 30q}
\ {10q + 4, 10q + 12, 30q − 28, 30q − 16, 30q − 8, 30q − 4},
and we obtain the following pentagonal geometries PENT(5, r), all with no
opposite line pairs:
r0 = 106 : r = 1206, 1231, 1256, 1281, 1365,
r0 = 131 : r = 1481, 1506, 1531, 1560, 1670,
r0 = 181 : r = 2031, 2060, 2275, 2280, 2296,
r0 = 206 : r = 2310, 2365, 2420, 2475, 2525, 2546, 2611, 2630.
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g u q r0 PENT(5, r)
2 40 43 20 880, 1066
2 40 53 25 1085, 1241, 1295
2 40 73 35 1495, 1591, 1915
2 40 83 40 1700, 1766, 2060
2 64 73 35 2371, 2571, 2681, 2791, 2891, 3001, 3101
2 64 83 40 2696, 2946, 3056, 3106, 3316, 3476, 3526
10 10 43 106 1181, 1206, 1231, 1256, 1281
10 10 53 131 1456, 1481, 1506, 1531
10 10 73 181 2006, 2031, 2296, 2361
10 10 83 206 2281, 2546, 2611
10 16 43 106 1826, 1876, 1926, 2256
10 16 53 131 2251, 2301, 2591, 2781
10 16 73 181 3101, 3391, 3581, 3671, 3831
10 16 83 206 3526, 3856, 4106, 4246, 4286, 4356
10 28 43 106 3116, 3216, 3796, 3936, 3976
10 28 53 131 3841, 4181, 4461, 4621, 4901
10 28 73 181 5291, 5771, 6211, 6291, 6351, 6391, 6591, 6751
10 28 83 206 6016, 6596, 6736, 6776, 6876, 7016, 7316, 7576, 7636, 7676
10 40 43 106 4406, 5336, 5366, 5576, 5696
10 40 53 131 5431, 6211, 6481, 6541, 6751, 6781, 7021
10 40 73 181 7481, 7961
42 10 43 450 4965, 4986, 5070, 5175, 5280, 5301, 5385, 5490, 5616, 5721, 5805
42 10 53 555 6120, 6225, 6330, 6351, 6435, 6540, 6666, 6771, 6855, 6981, 7170
42 14 43 450 6771, 6876, 6981, 7086, 7191, 7296, 7611, 7926
50 10 43 536 5911, 6036, 6161, 6286, 6411, 6986
50 10 53 661 7286, 7411, 7536, 7661
54 10 49 660 7275, 7896
70 10 27 471 5196, 5476, 5511, 5651, 5791, 5826, 5931, 5966, 6001, 6141
90 6 7 156 1101
90 6 43 966 6771, 6906, 6996, 7011, 7086, 7221, 7311, 7416
90 6 49 1101 7716, 7806, 7821, 7896
98 10 27 660 7275, 7716
126 10 11 345 3810, 3936, 4125, 4251, 4440
146 10 11 400 4415, 4780, 4926, 5145
166 10 11 455 5020, 5435, 5601, 5850
210 6 9 471 3306, 3586, 3621
210 8 9 471 4251, 4531, 4881
270 6 7 471 3306, 3621
450 6 7 786 5511
630 6 7 1101 7716, 7821
Table 7. Construction 3.3
Constructions 3.1 and 3.2 are of course constrained by the specific values
of u, namely 40 and 10 respectively. In the next construction u is not so
restricted. However the current state of knowledge regarding the existence
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of non-uniform 5-GDDs limits the range of m for the constructing 5-GDDs
of type (gq)um1 by means of Lemma 3.5.
Construction 3.3. Let g, u and q be positive integers such that u ≥ 6, u
is even, gu ≡ 0 (mod 4), g(u − 1) ≡ 0 (mod 3), g2(u + 1)u ≡ 0 (mod 20),
gq ≡ 6 or 10 (mod 20) and there exist u− 1 MOLS of side q.
Let d = g(u − 1)/3 and suppose that there exist 5-GDDs of types gu+1
and gud1. Then, by Lemma 3.5, there exists a 5-GDD of type (gq)um1 for
each m ∈M = {jd + (q − j)g : j = 0, 1, . . . , q}.
Let r0 = (gq−6)/4, let S = {(m−6)/4 : m ∈M}, and suppose there exists
a PENT(5, r0). Then, by Theorem 1.1, there exists a pentagonal geometry
PENT(5, ur0 + s+ 3u/2) for each s ∈ S where there exists a PENT(5, s).
We give some examples of Construction 3.3 in Table 7 with q restricted
to prime powers. For each r in the column headed PENT(5, r), let s =
r − ur0 − 3u/2, m = 4s + 6 and d = g(u − 1)/3. Then one can verify that
m = jd+ (q− j)g for some j ∈ {0, 1, . . . , q}. The existence of the 5-GDD of
type gu+1 follows from [12, Theorem 2.25], and that of type gud1 from [12,
Theorem 2.41] and Lemma 3.3. For the PENT(5, r0) and the PENT(5, s),
see Theorem 3.3 or earlier PENT(5, r) entries in Table 7.
It seems possible that Construction 3.3 combined with Lemma 3.4, The-
orem 3.2 and the available 5-GDDs of type gum1 will generate PENT(5, r)
geometries without opposite line pairs for all except a small number of
r ≡ 0 or 1 (mod 5). A proof would be desirable.
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Appendix A. PENT(4, r) geometries for Lemma 2.2
PENT(4, 29) With point set Z92, the 667 lines are generated from
{12, 45, 73, 80}, {20, 48, 59, 62}, {10, 33, 67, 86}, {30, 37, 39, 59},
{64, 44, 70, 61}, {90, 31, 16, 59}, {90, 79, 10, 44}, {67, 64, 25, 48},
{11, 87, 16, 82}, {24, 62, 34, 86}, {26, 53, 41, 67}, {4, 31, 63, 25},
{6, 31, 7, 44}, {19, 58, 26, 28}, {0, 7, 51, 52}, {0, 2, 8, 49},
{0, 23, 31, 48}, {0, 1, 56, 88}, {0, 13, 50, 70}, {0, 18, 63, 81},
{0, 22, 65, 78}, {0, 9, 34, 82}, {0, 25, 29, 77}, {1, 6, 17, 83},
{1, 2, 73, 90}, {1, 42, 79, 91}, {1, 34, 47, 51}, {1, 9, 19, 71},
{1, 25, 55, 61}
under the action of the mapping x 7→ x+4 (mod 92). The deficiency graph
is connected and has girth 6.
PENT(4, 33) With point set Z104, the 858 lines are generated from
{33, 39, 93, 99}, {28, 62, 72, 101}, {10, 46, 55, 98}, {8, 13, 43, 67},
{36, 76, 81, 94}, {9, 16, 86, 99}, {20, 29, 49, 66}, {47, 58, 71, 72},
{42, 22, 37, 66}, {83, 15, 31, 20}, {76, 70, 27, 100}, {58, 56, 81, 44},
{58, 26, 22, 19}, {35, 96, 93, 94}, {5, 101, 69, 76}, {9, 23, 59, 21},
{59, 91, 71, 2}, {90, 16, 26, 8}, {67, 75, 0, 42}, {38, 57, 18, 49},
{44, 97, 35, 100}, {94, 68, 90, 32}, {96, 24, 58, 65}, {87, 83, 68, 5},
{60, 87, 64, 44}, {5, 21, 19, 2}, {0, 1, 26, 44}, {0, 3, 4, 98},
{1, 5, 50, 92}, {1, 11, 36, 42}, {0, 31, 50, 52}, {1, 2, 17, 53},
{1, 10, 31, 58}, {2, 28, 29, 51}, {2, 7, 14, 76}, {1, 34, 45, 84},
{2, 30, 31, 68}, {2, 45, 93, 103}, {2, 3, 37, 78}, {2, 36, 43, 85},
{2, 39, 83, 94}, {0, 11, 46, 68}, {0, 12, 20, 71}, {1, 12, 83, 99},
{4, 7, 54, 85}, {4, 14, 61, 95}, {1, 20, 22, 95}, {0, 13, 28, 56},
{1, 27, 47, 75}, {1, 6, 41, 59}, {3, 21, 30, 95}, {0, 6, 22, 27},
{0, 19, 38, 86}, {0, 15, 87, 91}, {0, 17, 49, 51}, {5, 22, 30, 102},
{0, 14, 78, 81}, {0, 30, 47, 85}, {1, 21, 39, 54}, {0, 21, 45, 57},
{0, 16, 53, 80}, {0, 9, 54, 95}, {1, 30, 55, 63}, {0, 63, 65, 89},
{1, 23, 29, 57}, {0, 7, 55, 69}
under the action of the mapping x 7→ x+8 (mod 104). The deficiency graph
is connected and has girth 6.
PENT(4, 37) With point set Z116, the 1073 lines are generated from
{24, 70, 92, 107}, {13, 14, 67, 105}, {30, 48, 90, 105}, {12, 23, 53, 99},
{108, 32, 91, 98}, {56, 26, 9, 81}, {71, 52, 46, 13}, {0, 1, 56, 58},
{0, 3, 84, 112}, {0, 5, 72, 108}, {0, 6, 10, 100}, {0, 9, 17, 104},
{0, 14, 52, 75}, {0, 18, 27, 96}, {0, 33, 37, 89}, {0, 30, 31, 109},
{0, 34, 39, 105}, {0, 43, 45, 51}, {0, 54, 62, 65}, {0, 50, 63, 97},
{0, 55, 67, 90}, {0, 53, 71, 102}, {0, 74, 93, 114}, {0, 91, 95, 113},
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{0, 81, 101, 103}, {0, 73, 82, 115}, {0, 79, 85, 111}, {1, 17, 82, 94},
{1, 29, 63, 77}, {1, 6, 33, 86}, {1, 15, 31, 75}, {1, 11, 37, 110},
{1, 30, 71, 107}, {2, 18, 75, 86}, {2, 22, 51, 66}, {2, 47, 71, 99},
{2, 23, 26, 91}
under the action of the mapping x 7→ x+4 (mod 116). The deficiency graph
is connected and has girth 6.
PENT(4, 40) With point set Z125, the 1250 lines are generated from
{18, 55, 70, 116}, {10, 14, 87, 92}, {36, 41, 69, 88}, {34, 42, 69, 110},
{62, 63, 98, 116}, {81, 107, 104, 41}, {62, 30, 119, 71}, {48, 57, 7, 38},
{100, 23, 27, 78}, {26, 71, 24, 63}, {100, 81, 95, 103}, {58, 15, 60, 102},
{21, 33, 36, 8}, {3, 114, 18, 32}, {98, 42, 27, 9}, {106, 10, 49, 89},
{20, 48, 42, 14}, {82, 2, 100, 72}, {124, 87, 51, 24}, {36, 60, 4, 53},
{92, 27, 25, 46}, {26, 19, 88, 115}, {10, 91, 122, 109}, {13, 72, 114, 92},
{2, 42, 86, 111}, {0, 1, 12, 102}, {0, 7, 37, 115}, {0, 68, 92, 117},
{1, 2, 9, 104}, {1, 62, 78, 83}, {1, 22, 36, 96}, {0, 34, 72, 76},
{1, 7, 33, 39}, {1, 43, 77, 89}, {2, 4, 13, 74}, {0, 26, 60, 122},
{2, 19, 63, 79}, {0, 6, 16, 108}, {0, 11, 66, 86}, {1, 3, 68, 88},
{0, 53, 54, 121}, {0, 44, 56, 59}, {0, 31, 38, 85}, {0, 51, 94, 104},
{0, 23, 74, 90}, {0, 13, 24, 25}, {0, 20, 50, 83}, {0, 14, 19, 64},
{0, 9, 93, 114}, {3, 29, 33, 83}
under the action of the mapping x 7→ x+5 (mod 125). The deficiency graph
is connected and has girth 7.
PENT(4, 45) With point set Z140, the 1575 lines are generated from
{15, 66, 68, 72}, {37, 70, 103, 105}, {46, 73, 76, 98}, {41, 63, 83, 128},
{108, 89, 4, 110}, {47, 44, 133, 99}, {122, 40, 0, 102}, {80, 33, 134, 64},
{75, 130, 16, 80}, {110, 25, 16, 45}, {138, 85, 122, 109}, {99, 135, 51, 117},
{64, 52, 35, 29}, {83, 94, 70, 2}, {83, 120, 14, 113}, {8, 109, 92, 65},
{68, 27, 137, 25}, {79, 119, 47, 21}, {79, 58, 94, 52}, {1, 2, 93, 12},
{93, 81, 29, 74}, {45, 131, 127, 54}, {126, 119, 0, 23}, {48, 115, 139, 125},
{133, 72, 71, 90}, {0, 1, 5, 96}, {0, 13, 73, 107}, {1, 11, 33, 126},
{1, 17, 78, 101}, {0, 26, 31, 37}, {1, 63, 71, 110}, {0, 25, 98, 115},
{0, 14, 65, 80}, {0, 33, 41, 79}, {1, 18, 58, 115}, {0, 7, 21, 71},
{1, 6, 82, 138}, {0, 78, 90, 131}, {2, 6, 51, 67}, {0, 51, 63, 86},
{0, 10, 92, 112}, {0, 30, 39, 52}, {0, 19, 46, 47}, {0, 8, 32, 43},
{2, 31, 34, 62}
under the action of the mapping x 7→ x+4 (mod 140). The deficiency graph
is connected and has girth 7.
PENT(4, 49) With point set Z152, the 1862 lines are generated from
{38, 43, 75, 86}, {50, 58, 100, 117}, {97, 105, 110, 140}, {29, 80, 110, 112},
{18, 57, 101, 119}, {15, 41, 60, 131}, {50, 51, 72, 120}, {44, 63, 103, 149},
{73, 28, 46, 139}, {10, 14, 78, 137}, {145, 53, 111, 103}, {112, 69, 140, 55},
{23, 128, 110, 12}, {113, 84, 146, 88}, {72, 33, 114, 69}, {92, 95, 68, 66},
{106, 124, 63, 14}, {138, 29, 118, 133}, {104, 94, 125, 113}, {9, 110, 133, 54},
{8, 52, 145, 84}, {114, 137, 46, 133}, {118, 150, 83, 27}, {16, 108, 133, 94},
{120, 39, 93, 38}, {77, 64, 115, 36}, {55, 133, 57, 35}, {147, 85, 106, 138},
{71, 88, 55, 90}, {102, 61, 69, 85}, {104, 57, 91, 9}, {116, 20, 107, 126},
{108, 5, 123, 105}, {0, 3, 45, 77}, {0, 1, 29, 85}, {0, 4, 61, 133},
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{0, 18, 53, 140}, {0, 5, 7, 20}, {1, 3, 21, 133}, {1, 2, 5, 93},
{0, 15, 37, 94}, {0, 23, 46, 93}, {2, 7, 118, 125}, {1, 18, 69, 118},
{0, 14, 26, 141}, {1, 15, 141, 150}, {2, 12, 13, 14}, {1, 12, 28, 101},
{1, 27, 109, 116}, {2, 27, 29, 60}, {2, 79, 108, 141}, {3, 7, 13, 115},
{3, 11, 60, 69}, {2, 39, 77, 83}, {3, 79, 109, 148}, {3, 15, 125, 139},
{0, 6, 68, 108}, {0, 12, 17, 100}, {0, 35, 52, 60}, {1, 31, 52, 132},
{0, 50, 84, 132}, {0, 11, 110, 116}, {2, 19, 22, 148}, {1, 22, 43, 140},
{2, 23, 38, 132}, {1, 68, 103, 142}, {2, 30, 46, 116}, {1, 38, 76, 107},
{2, 15, 68, 107}, {2, 54, 76, 151}, {2, 95, 99, 100}, {0, 22, 31, 102},
{3, 30, 135, 142}, {1, 33, 86, 110}, {0, 118, 126, 151}, {0, 54, 111, 143},
{2, 51, 75, 126}, {1, 39, 70, 146}, {0, 62, 66, 122}, {2, 35, 87, 123},
{1, 23, 47, 95}, {0, 8, 87, 115}, {1, 87, 99, 147}, {0, 27, 88, 127},
{2, 55, 82, 143}, {1, 11, 25, 79}, {1, 7, 17, 89}, {0, 55, 73, 123},
{0, 34, 40, 103}, {0, 59, 74, 98}, {0, 81, 90, 121}, {1, 42, 90, 106},
{0, 33, 89, 147}, {0, 19, 99, 106}, {1, 75, 98, 138}, {0, 49, 56, 72},
{0, 10, 67, 97}, {0, 24, 65, 138}
under the action of the mapping x 7→ x+8 (mod 152). The deficiency graph
is connected and has girth 6.
PENT(4, 52) With point set Z161, the 2093 lines are generated from
{14, 81, 143, 147}, {93, 136, 139, 149}, {4, 15, 71, 108}, {21, 29, 33, 58},
{2, 40, 84, 117}, {53, 90, 130, 136}, {29, 41, 82, 132}, {58, 125, 93, 144},
{67, 54, 105, 149}, {96, 107, 95, 125}, {4, 74, 92, 155}, {48, 26, 46, 69},
{17, 113, 36, 52}, {34, 141, 66, 38}, {39, 70, 24, 118}, {114, 27, 92, 57},
{149, 40, 22, 49}, {46, 88, 28, 23}, {131, 73, 139, 58}, {101, 3, 150, 126},
{158, 94, 7, 4}, {111, 13, 84, 28}, {83, 97, 44, 140}, {10, 37, 57, 132},
{155, 60, 8, 115}, {144, 160, 44, 143}, {156, 157, 130, 75}, {151, 101, 108, 79},
{7, 54, 132, 87}, {69, 142, 11, 5}, {79, 76, 32, 105}, {124, 142, 68, 73},
{149, 147, 140, 145}, {152, 57, 58, 7}, {18, 146, 140, 105}, {80, 14, 59, 156},
{55, 56, 19, 6}, {0, 1, 10, 20}, {0, 3, 34, 62}, {0, 4, 13, 69},
{0, 17, 101, 153}, {1, 3, 45, 146}, {0, 16, 52, 76}, {0, 15, 55, 139},
{0, 29, 97, 108}, {1, 4, 52, 160}, {1, 9, 111, 118}, {1, 29, 65, 90},
{1, 6, 33, 48}, {1, 16, 26, 153}, {1, 34, 40, 102}, {1, 72, 79, 83},
{2, 11, 19, 125}, {2, 5, 59, 146}, {1, 27, 75, 150}, {3, 19, 76, 130},
{3, 11, 32, 83}, {2, 33, 61, 132}, {4, 47, 138, 139}, {4, 18, 104, 116},
{0, 75, 122, 128}, {0, 59, 61, 150}, {0, 23, 73, 107}, {1, 44, 86, 157},
{2, 10, 51, 95}, {0, 30, 93, 121}, {1, 32, 135, 156}, {2, 80, 103, 124},
{0, 64, 94, 114}, {2, 16, 123, 158}, {0, 43, 77, 149}, {0, 53, 86, 131},
{1, 8, 121, 137}, {0, 26, 58, 120}, {0, 11, 31, 68}, {1, 24, 46, 117},
{3, 39, 68, 108}, {1, 88, 116, 129}, {1, 47, 73, 82}, {3, 103, 145, 152},
{1, 18, 123, 138}, {0, 40, 63, 109}, {1, 22, 60, 145}, {0, 32, 54, 85},
{0, 42, 144, 148}, {0, 21, 57, 99}, {0, 19, 91, 116}, {0, 103, 113, 137},
{0, 22, 92, 112}, {0, 82, 96, 155}, {1, 12, 110, 113}
under the action of the mapping x 7→ x+7 (mod 161). The deficiency graph
is connected and has girth 7.
PENT(4, 53) With point set Z164, the 2173 lines are generated from
{2, 12, 121, 152}, {17, 44, 123, 149}, {0, 30, 138, 151}, {18, 45, 55, 115},
{136, 58, 22, 149}, {106, 148, 60, 25}, {82, 91, 17, 6}, {25, 69, 103, 83},
{35, 14, 62, 116}, {20, 112, 38, 122}, {78, 157, 102, 155}, {50, 49, 154, 91},
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{16, 97, 64, 67}, {122, 126, 141, 67}, {128, 163, 88, 82}, {123, 76, 55, 39},
{79, 13, 25, 73}, {119, 2, 117, 125}, {74, 21, 82, 121}, {90, 112, 52, 48},
{6, 150, 35, 24}, {141, 75, 123, 140}, {86, 46, 14, 103}, {155, 31, 92, 62},
{128, 147, 154, 60}, {0, 5, 82, 98}, {0, 6, 7, 58}, {0, 9, 34, 130},
{1, 5, 34, 134}, {0, 31, 54, 66}, {0, 8, 69, 78}, {0, 15, 23, 114},
{0, 22, 25, 36}, {1, 6, 29, 69}, {1, 14, 19, 58}, {0, 55, 74, 125},
{0, 65, 141, 162}, {0, 95, 106, 131}, {1, 87, 90, 151}, {1, 39, 63, 158},
{1, 18, 51, 113}, {0, 27, 59, 115}, {0, 93, 119, 123}, {1, 25, 143, 155},
{0, 21, 43, 136}, {0, 39, 44, 89}, {0, 37, 117, 163}, {0, 67, 111, 139},
{0, 16, 107, 161}, {0, 17, 32, 84}, {0, 57, 77, 113}, {0, 20, 73, 155},
{0, 29, 101, 108}
under the action of the mapping x 7→ x+4 (mod 164). The deficiency graph
is connected and has girth 7.
PENT(4, 60) With point set Z185, the 2775 lines are generated from
{21, 158, 167, 184}, {78, 98, 102, 165}, {20, 86, 108, 139}, {30, 82, 91, 111},
{5, 29, 52, 164}, {105, 5, 100, 59}, {156, 172, 23, 70}, {52, 11, 65, 57},
{171, 25, 114, 117}, {166, 38, 168, 21}, {88, 25, 37, 19}, {180, 31, 36, 119},
{43, 114, 11, 150}, {95, 143, 125, 151}, {96, 28, 172, 13}, {148, 137, 143, 14},
{119, 11, 109, 80}, {69, 77, 99, 132}, {29, 136, 103, 16}, {72, 93, 166, 104},
{78, 108, 49, 160}, {29, 82, 179, 124}, {40, 85, 150, 154}, {148, 75, 106, 169},
{135, 71, 143, 150}, {0, 1, 9, 115}, {0, 2, 6, 50}, {0, 3, 17, 175},
{0, 7, 80, 96}, {0, 14, 35, 165}, {0, 11, 40, 59}, {0, 22, 23, 25},
{0, 28, 60, 93}, {0, 32, 42, 99}, {0, 38, 44, 143}, {0, 37, 49, 83},
{0, 53, 72, 163}, {0, 43, 68, 168}, {0, 57, 64, 128}, {0, 67, 82, 174},
{0, 51, 84, 101}, {0, 76, 97, 113}, {0, 62, 109, 123}, {0, 58, 104, 148},
{0, 87, 107, 132}, {0, 77, 91, 152}, {0, 108, 126, 157}, {0, 127, 129, 161},
{0, 142, 169, 173}, {0, 117, 166, 176}, {0, 136, 151, 154}, {0, 111, 147, 171},
{0, 134, 162, 181}, {1, 2, 81, 87}, {1, 12, 82, 117}, {2, 62, 143, 144},
{2, 54, 67, 133}, {1, 52, 108, 142}, {2, 52, 129, 148}, {1, 27, 67, 143},
{1, 28, 56, 112}, {2, 32, 104, 149}, {2, 39, 88, 158}, {1, 8, 72, 183},
{1, 24, 63, 122}, {3, 44, 84, 138}, {1, 36, 83, 128}, {1, 13, 74, 163},
{1, 133, 149, 173}, {1, 39, 123, 159}, {1, 59, 68, 144}, {1, 26, 71, 101},
{1, 94, 114, 174}, {1, 69, 179, 184}, {1, 29, 44, 96}
under the action of the mapping x 7→ x+5 (mod 185). The deficiency graph
is connected and has girth 7.
PENT(4, 61) With point set Z188, the 2867 lines are generated from
{27, 71, 74, 177}, {12, 21, 75, 169}, {26, 83, 116, 166}, {110, 117, 120, 164},
{39, 176, 16, 178}, {106, 123, 62, 19}, {144, 180, 135, 76}, {124, 172, 107, 9},
{66, 154, 37, 29}, {86, 47, 70, 179}, {163, 64, 158, 49}, {0, 1, 7, 127},
{0, 3, 4, 83}, {0, 5, 15, 47}, {0, 6, 31, 39}, {0, 8, 111, 115},
{0, 10, 55, 147}, {0, 11, 139, 159}, {0, 13, 75, 91}, {0, 14, 67, 183},
{0, 17, 135, 163}, {0, 19, 119, 131}, {0, 18, 151, 175}, {0, 29, 43, 167},
{0, 22, 35, 87}, {1, 2, 23, 71}, {1, 3, 5, 155}, {0, 49, 95, 154},
{1, 6, 18, 91}, {1, 10, 51, 62}, {1, 13, 31, 46}, {1, 14, 135, 161},
{1, 17, 53, 183}, {1, 22, 59, 141}, {1, 26, 35, 157}, {1, 25, 111, 125},
{1, 27, 57, 138}, {1, 54, 69, 171}, {1, 66, 150, 179}, {1, 142, 143, 178},
{1, 123, 130, 186}, {2, 10, 99, 126}, {0, 12, 33, 113}, {0, 16, 53, 145},
{0, 20, 61, 137}, {0, 24, 89, 149}, {0, 34, 77, 121}, {0, 57, 92, 161},
PENTAGONAL GEOMETRIES WITH BLOCK SIZES 4 AND 5 23
{1, 73, 166, 170}, {0, 54, 85, 174}, {0, 81, 130, 158}, {0, 45, 118, 124},
{0, 42, 97, 116}, {0, 70, 105, 112}, {0, 32, 90, 165}, {0, 26, 66, 93},
{0, 40, 122, 142}, {0, 38, 88, 150}, {0, 46, 126, 128}, {0, 78, 110, 170},
{0, 30, 52, 132}
under the action of the mapping x 7→ x+4 (mod 188). The deficiency graph
is connected and has girth 7.
PENT(4, 65) With point set Z200, the 3250 lines are generated from
{42, 178, 188, 197}, {3, 81, 90, 121}, {24, 100, 113, 160}, {1, 23, 37, 143},
{6, 16, 63, 106}, {8, 37, 171, 173}, {4, 102, 110, 151}, {62, 67, 148, 187},
{48, 139, 113, 147}, {118, 46, 112, 166}, {51, 27, 36, 141}, {118, 81, 60, 195},
{56, 14, 41, 179}, {178, 57, 175, 62}, {30, 59, 189, 64}, {59, 46, 178, 147},
{87, 9, 21, 26}, {99, 103, 145, 141}, {63, 138, 69, 109}, {153, 142, 151, 2},
{34, 68, 161, 146}, {106, 188, 36, 152}, {97, 7, 42, 174}, {191, 45, 102, 58},
{166, 135, 48, 83}, {110, 134, 135, 117}, {67, 116, 140, 111}, {86, 100, 48, 108},
{70, 120, 135, 163}, {88, 157, 100, 29}, {180, 165, 18, 196}, {93, 88, 49, 20},
{40, 67, 195, 175}, {131, 108, 64, 125}, {154, 41, 51, 187}, {16, 193, 96, 25},
{30, 82, 75, 136}, {114, 42, 67, 122}, {106, 22, 7, 136}, {4, 45, 143, 100},
{61, 62, 152, 126}, {84, 114, 179, 116}, {22, 180, 173, 95}, {61, 2, 111, 119},
{109, 61, 117, 160}, {0, 1, 59, 75}, {0, 2, 51, 107}, {0, 4, 11, 115},
{0, 7, 19, 171}, {0, 10, 147, 187}, {0, 3, 14, 30}, {1, 2, 19, 187},
{0, 17, 83, 126}, {0, 46, 77, 179}, {0, 13, 130, 131}, {1, 4, 98, 107},
{1, 5, 51, 68}, {1, 9, 99, 109}, {1, 7, 165, 195}, {1, 20, 53, 179},
{1, 14, 125, 163}, {1, 22, 69, 131}, {1, 28, 29, 171}, {1, 12, 43, 102},
{2, 6, 18, 91}, {2, 7, 37, 59}, {2, 22, 39, 43}, {2, 69, 163, 182},
{2, 15, 123, 141}, {3, 4, 71, 142}, {2, 44, 62, 131}, {3, 28, 79, 189},
{3, 29, 31, 148}, {3, 6, 87, 150}, {3, 53, 63, 135}, {3, 36, 125, 149},
{3, 103, 124, 127}, {3, 119, 156, 167}, {3, 132, 159, 166}, {0, 16, 53, 133},
{0, 33, 173, 189}, {0, 22, 28, 93}, {1, 15, 94, 189}, {0, 58, 85, 181},
{1, 21, 30, 133}, {0, 20, 45, 182}, {1, 26, 62, 117}, {1, 39, 61, 86},
{1, 25, 158, 173}, {0, 21, 102, 106}, {2, 13, 143, 170}, {1, 77, 124, 198},
{1, 60, 95, 181}, {1, 85, 106, 118}, {2, 26, 52, 101}, {2, 5, 42, 98},
{1, 31, 54, 93}, {2, 30, 53, 76}, {4, 101, 135, 174}, {2, 78, 156, 166},
{1, 58, 150, 182}, {1, 100, 126, 166}, {0, 68, 148, 198}, {0, 18, 25, 70},
{2, 79, 92, 174}, {0, 78, 122, 175}, {0, 62, 116, 121}, {0, 34, 73, 142},
{0, 108, 114, 172}, {0, 55, 100, 156}, {0, 74, 92, 112}, {0, 124, 138, 186},
{1, 36, 76, 148}, {1, 44, 113, 178}, {0, 57, 105, 196}, {0, 66, 111, 137},
{1, 55, 87, 164}, {1, 42, 63, 156}, {0, 81, 164, 183}, {1, 52, 127, 137},
{1, 17, 73, 154}, {0, 26, 144, 193}, {0, 41, 145, 191}, {0, 79, 95, 113},
{0, 39, 103, 169}, {0, 31, 50, 143}, {2, 31, 87, 191}, {0, 63, 96, 194},
{0, 23, 24, 72}, {0, 8, 127, 168}
under the action of the mapping x 7→ x+8 (mod 200). The deficiency graph
is connected and has girth 5.
PENT(4, 69) With point set Z212, the 3657 lines are generated from
{22, 117, 169, 195}, {26, 44, 75, 96}, {78, 138, 189, 192}, {20, 23, 141, 195},
{92, 13, 134, 119}, {79, 54, 195, 90}, {63, 119, 162, 125}, {138, 68, 24, 77},
{131, 189, 66, 69}, {140, 65, 60, 47}, {62, 178, 137, 130}, {53, 186, 93, 205},
{189, 153, 200, 7}, {69, 46, 101, 120}, {91, 139, 196, 110}, {19, 110, 123, 72},
{127, 42, 115, 38}, {171, 104, 89, 62}, {35, 108, 154, 82}, {129, 109, 33, 151},
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{34, 134, 105, 140}, {89, 88, 138, 55}, {169, 30, 178, 54}, {119, 209, 20, 60},
{181, 41, 55, 122}, {95, 40, 56, 149}, {66, 10, 63, 113}, {1, 174, 176, 99},
{136, 13, 9, 210}, {0, 4, 17, 25}, {0, 6, 41, 205}, {0, 2, 33, 181},
{0, 7, 77, 185}, {0, 8, 57, 81}, {0, 15, 45, 125}, {0, 29, 84, 153},
{0, 18, 105, 173}, {1, 3, 157, 169}, {0, 12, 113, 141}, {1, 2, 54, 197},
{0, 23, 61, 145}, {0, 14, 97, 118}, {0, 63, 65, 178}, {1, 51, 106, 146},
{1, 6, 7, 86}, {1, 11, 19, 46}, {1, 39, 127, 150}, {1, 111, 115, 187},
{1, 131, 147, 191}, {1, 71, 171, 199}, {1, 135, 167, 203}, {1, 78, 139, 170},
{0, 11, 75, 176}, {0, 20, 91, 143}, {0, 82, 115, 207}, {0, 35, 86, 167},
{0, 66, 87, 150}, {0, 34, 79, 103}, {0, 10, 32, 163}, {0, 26, 43, 72},
{2, 11, 18, 186}, {0, 24, 88, 171}, {0, 60, 154, 211}, {0, 30, 62, 112},
{0, 76, 198, 203}, {0, 90, 102, 110}, {0, 54, 95, 120}, {0, 48, 104, 182},
{0, 58, 68, 96}
under the action of the mapping x 7→ x+4 (mod 212). The deficiency graph
is connected and has girth 7.
PENT(4, 77) With point set Z236, the 4543 lines are generated from
{56, 113, 180, 211}, {2, 9, 124, 229}, {1, 22, 55, 218}, {28, 91, 151, 186},
{123, 1, 23, 198}, {37, 146, 205, 167}, {113, 220, 83, 26}, {95, 99, 106, 10},
{106, 103, 89, 17}, {216, 145, 132, 235}, {194, 20, 72, 64}, {34, 47, 163, 76},
{189, 193, 36, 18}, {143, 17, 91, 51}, {21, 182, 212, 11}, {172, 222, 132, 186},
{144, 219, 202, 98}, {230, 97, 148, 16}, {152, 164, 98, 145}, {221, 20, 93, 196},
{71, 150, 113, 33}, {222, 179, 41, 83}, {38, 96, 43, 87}, {44, 203, 50, 51},
{162, 131, 49, 143}, {133, 185, 102, 118}, {190, 134, 163, 18}, {66, 110, 78, 80},
{182, 51, 109, 129}, {192, 208, 42, 159}, {57, 20, 114, 22}, {116, 183, 121, 55},
{135, 92, 124, 24}, {81, 5, 144, 10}, {111, 20, 222, 137}, {10, 82, 13, 91},
{120, 97, 189, 107}, {0, 1, 78, 146}, {0, 3, 26, 106}, {0, 10, 198, 208},
{0, 15, 150, 210}, {0, 4, 66, 166}, {0, 9, 110, 138}, {0, 21, 118, 126},
{0, 18, 156, 230}, {0, 46, 71, 134}, {0, 34, 61, 186}, {1, 13, 42, 46},
{1, 14, 122, 174}, {1, 26, 138, 181}, {1, 19, 142, 153}, {1, 3, 50, 231},
{1, 7, 94, 163}, {0, 22, 116, 199}, {1, 158, 203, 235}, {0, 27, 139, 154},
{1, 115, 143, 214}, {1, 119, 135, 186}, {2, 39, 95, 199}, {0, 17, 127, 191},
{0, 20, 167, 235}, {0, 59, 107, 131}, {0, 135, 171, 221}, {0, 51, 141, 181},
{0, 49, 95, 115}, {0, 89, 119, 137}, {0, 55, 77, 109}, {0, 39, 53, 96},
{0, 93, 163, 209}, {0, 76, 161, 219}, {0, 33, 36, 144}, {0, 23, 64, 212},
{0, 65, 205, 231}, {0, 48, 197, 225}, {0, 29, 79, 164}, {0, 41, 145, 189},
{1, 25, 61, 125}
under the action of the mapping x 7→ x+4 (mod 236). The deficiency graph
is connected and has girth 7.
PENT(4, 80) With point set Z245, the 4900 lines are generated from
{31, 43, 79, 178}, {16, 98, 215, 231}, {32, 54, 193, 217}, {57, 70, 151, 205},
{29, 170, 197, 224}, {192, 76, 48, 209}, {184, 93, 19, 126}, {32, 65, 79, 216},
{52, 58, 152, 49}, {146, 4, 128, 14}, {195, 126, 154, 49}, {52, 11, 206, 184},
{136, 156, 43, 130}, {5, 85, 63, 100}, {227, 55, 91, 146}, {126, 227, 46, 11},
{15, 77, 201, 84}, {222, 42, 33, 92}, {54, 96, 175, 8}, {107, 187, 40, 89},
{227, 107, 142, 150}, {174, 185, 229, 220}, {68, 234, 34, 136}, {157, 180, 123, 152},
{217, 10, 127, 111}, {179, 87, 195, 1}, {100, 51, 168, 95}, {85, 25, 33, 7},
{14, 21, 176, 19}, {29, 69, 213, 185}, {163, 61, 27, 58}, {175, 185, 109, 12},
{71, 128, 96, 59}, {112, 132, 186, 86}, {219, 138, 123, 223}, {147, 74, 104, 139},
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{0, 1, 4, 164}, {0, 2, 39, 139}, {0, 3, 189, 209}, {0, 7, 19, 94},
{0, 11, 224, 239}, {0, 12, 84, 174}, {0, 13, 64, 214}, {0, 18, 24, 154},
{0, 17, 59, 119}, {0, 21, 34, 144}, {0, 22, 149, 219}, {0, 41, 74, 194},
{0, 23, 109, 142}, {0, 25, 159, 182}, {0, 29, 42, 242}, {0, 33, 141, 184},
{1, 2, 3, 219}, {1, 6, 12, 194}, {1, 8, 9, 186}, {1, 18, 121, 199},
{0, 37, 206, 244}, {1, 11, 48, 159}, {1, 22, 24, 43}, {1, 19, 201, 223},
{1, 28, 32, 94}, {0, 47, 61, 114}, {1, 63, 119, 181}, {1, 53, 74, 88},
{2, 12, 48, 189}, {2, 42, 83, 159}, {2, 13, 57, 169}, {2, 59, 113, 152},
{2, 68, 78, 194}, {3, 14, 188, 228}, {2, 98, 124, 148}, {2, 93, 109, 158},
{0, 30, 87, 192}, {0, 20, 127, 152}, {0, 32, 76, 116}, {0, 92, 131, 241},
{0, 102, 106, 181}, {0, 52, 121, 187}, {1, 71, 163, 227}, {1, 78, 168, 237},
{1, 112, 127, 233}, {1, 72, 123, 142}, {1, 147, 208, 222}, {0, 56, 112, 161},
{0, 86, 122, 236}, {1, 108, 187, 203}, {0, 63, 126, 177}, {2, 73, 118, 198},
{0, 93, 123, 197}, {0, 71, 156, 170}, {0, 45, 163, 216}, {0, 40, 88, 136},
{0, 66, 90, 238}, {0, 100, 203, 211}, {0, 53, 168, 226}, {0, 65, 173, 198},
{0, 38, 130, 228}, {0, 50, 120, 233}, {0, 55, 138, 140}, {0, 143, 213, 218}
under the action of the mapping x 7→ x+5 (mod 245). The deficiency graph
is connected and has girth 7.
PENT(4, 81) With point set Z248, the 5022 lines are generated from
{88, 122, 160, 204}, {21, 102, 114, 164}, {29, 128, 137, 183}, {22, 67, 79, 187},
{23, 48, 54, 89}, {135, 226, 233, 246}, {13, 153, 204, 235}, {74, 125, 179, 236},
{234, 44, 202, 115}, {60, 194, 211, 133}, {83, 207, 157, 37}, {207, 190, 212, 242},
{79, 123, 46, 139}, {12, 161, 28, 127}, {220, 200, 5, 47}, {178, 173, 63, 231},
{24, 194, 85, 202}, {196, 149, 49, 141}, {166, 237, 90, 161}, {126, 58, 69, 32},
{171, 201, 139, 189}, {237, 76, 182, 141}, {227, 51, 209, 198}, {122, 224, 99, 74},
{173, 88, 170, 117}, {125, 19, 187, 16}, {57, 159, 244, 51}, {209, 187, 98, 177},
{59, 87, 152, 9}, {74, 23, 220, 149}, {102, 205, 70, 43}, {230, 46, 151, 115},
{8, 40, 203, 207}, {213, 44, 98, 239}, {232, 163, 3, 97}, {40, 172, 98, 133},
{238, 85, 31, 152}, {77, 105, 30, 67}, {0, 112, 229, 84}, {52, 163, 230, 159},
{221, 154, 4, 132}, {92, 218, 98, 97}, {107, 138, 199, 197}, {104, 235, 178, 179},
{5, 25, 37, 213}, {126, 92, 80, 245}, {75, 28, 170, 80}, {72, 210, 207, 226},
{179, 100, 6, 240}, {82, 45, 55, 111}, {229, 104, 223, 105}, {108, 62, 67, 247},
{52, 214, 160, 228}, {31, 68, 1, 38}, {21, 246, 137, 111}, {26, 194, 206, 89},
{77, 58, 221, 62}, {216, 69, 102, 121}, {133, 182, 231, 117}, {88, 1, 198, 236},
{80, 37, 9, 62}, {156, 92, 31, 132}, {0, 4, 21, 189}, {0, 2, 173, 221},
{0, 7, 45, 69}, {0, 11, 13, 77}, {0, 15, 157, 245}, {0, 5, 18, 141},
{0, 22, 197, 235}, {1, 3, 57, 61}, {0, 10, 114, 213}, {0, 23, 174, 237},
{0, 36, 133, 203}, {1, 4, 53, 203}, {1, 9, 45, 66}, {1, 7, 27, 181},
{1, 12, 99, 245}, {1, 17, 59, 173}, {2, 7, 109, 235}, {1, 22, 107, 149},
{1, 26, 126, 205}, {1, 23, 69, 226}, {1, 44, 71, 85}, {1, 34, 117, 153},
{1, 35, 36, 165}, {2, 20, 45, 212}, {3, 11, 63, 229}, {3, 6, 37, 203},
{3, 20, 28, 141}, {3, 12, 94, 237}, {3, 14, 175, 245}, {4, 6, 94, 245},
{4, 5, 142, 223}, {5, 166, 167, 214}, {4, 13, 14, 239}, {0, 8, 43, 147},
{0, 16, 83, 107}, {0, 42, 115, 227}, {0, 38, 59, 99}, {1, 20, 139, 235},
{0, 24, 51, 236}, {1, 10, 76, 179}, {0, 28, 81, 211}, {1, 15, 115, 228},
{0, 57, 106, 219}, {1, 39, 123, 162}, {1, 25, 132, 171}, {1, 42, 63, 75},
{2, 11, 111, 210}, {2, 12, 103, 139}, {2, 4, 99, 226}, {2, 15, 36, 179},
{2, 38, 140, 147}, {2, 30, 83, 156}, {2, 39, 94, 243}, {2, 43, 98, 150},
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{2, 44, 67, 110}, {3, 126, 134, 199}, {3, 92, 135, 159}, {3, 71, 119, 236},
{2, 175, 190, 203}, {0, 17, 100, 188}, {0, 25, 52, 164}, {0, 48, 124, 228},
{0, 92, 103, 172}, {0, 60, 156, 215}, {1, 150, 156, 204}, {0, 66, 121, 244},
{2, 46, 66, 236}, {1, 92, 95, 154}, {1, 62, 180, 212}, {1, 46, 161, 220},
{2, 87, 132, 246}, {2, 126, 204, 222}, {4, 30, 46, 175}, {0, 47, 130, 218},
{0, 50, 64, 226}, {1, 55, 98, 210}, {2, 62, 71, 166}, {1, 82, 129, 222},
{1, 18, 74, 177}, {1, 86, 207, 218}, {0, 111, 150, 242}, {0, 70, 142, 186},
{0, 30, 194, 209}, {0, 126, 166, 202}, {0, 190, 193, 233}, {0, 78, 169, 198},
{0, 40, 222, 246}, {0, 102, 158, 238}, {1, 49, 113, 190}, {0, 56, 118, 185},
{0, 49, 214, 239}, {0, 65, 145, 231}, {0, 39, 89, 96}, {0, 87, 151, 225},
{0, 73, 120, 217}, {0, 63, 79, 168}, {0, 31, 104, 137}, {0, 71, 207, 247},
{1, 127, 159, 247}, {1, 135, 231, 239}
under the action of the mapping x 7→ x+8 (mod 248). The deficiency graph
is connected and has girth 6.
PENT(4, 85) With point set Z260, the 5525 lines are generated from
{22, 60, 200, 226}, {74, 167, 179, 182}, {36, 81, 189, 240}, {85, 97, 119, 147},
{194, 114, 231, 117}, {78, 254, 200, 91}, {61, 124, 120, 157}, {27, 46, 161, 157},
{180, 103, 109, 177}, {227, 248, 138, 174}, {122, 137, 176, 190}, {115, 204, 32, 235},
{7, 37, 93, 240}, {26, 187, 89, 130}, {188, 109, 12, 54}, {85, 77, 190, 196},
{214, 21, 159, 223}, {73, 90, 116, 244}, {74, 0, 232, 247}, {209, 244, 196, 131},
{144, 82, 183, 251}, {107, 5, 133, 233}, {209, 29, 116, 15}, {0, 1, 21, 169},
{0, 2, 9, 53}, {0, 3, 5, 237}, {0, 6, 25, 41}, {0, 7, 17, 253},
{0, 8, 69, 241}, {0, 10, 105, 249}, {0, 11, 77, 117}, {0, 12, 121, 205},
{0, 18, 49, 185}, {0, 19, 73, 133}, {0, 16, 81, 145}, {0, 23, 125, 229},
{0, 34, 177, 213}, {1, 2, 3, 141}, {1, 6, 49, 58}, {0, 38, 85, 137},
{1, 7, 11, 185}, {1, 14, 19, 189}, {0, 30, 51, 161}, {0, 29, 44, 87},
{0, 46, 58, 165}, {1, 30, 47, 70}, {1, 31, 38, 134}, {1, 26, 34, 126},
{1, 39, 50, 98}, {0, 67, 118, 157}, {1, 71, 102, 143}, {1, 43, 90, 238},
{1, 46, 62, 178}, {1, 75, 95, 227}, {1, 66, 138, 202}, {1, 110, 170, 219},
{1, 79, 111, 174}, {1, 119, 211, 250}, {1, 107, 186, 190}, {1, 158, 191, 243},
{1, 163, 199, 234}, {1, 215, 223, 239}, {0, 20, 86, 162}, {0, 24, 94, 182},
{0, 35, 146, 174}, {0, 32, 110, 154}, {0, 36, 214, 238}, {0, 63, 210, 242},
{0, 114, 134, 144}, {2, 27, 142, 187}, {0, 91, 175, 218}, {0, 59, 139, 246},
{0, 71, 190, 219}, {0, 98, 167, 223}, {0, 90, 92, 156}, {0, 103, 143, 170},
{0, 50, 127, 187}, {0, 62, 123, 192}, {0, 76, 207, 255}, {0, 55, 100, 211},
{0, 47, 72, 208}, {0, 40, 115, 148}, {0, 95, 96, 231}, {0, 79, 155, 251},
{0, 80, 199, 243}
under the action of the mapping x 7→ x+4 (mod 260). The deficiency graph
is connected and has girth 6.
PENT(4, 93) With point set Z284, the 6603 lines are generated from
{92, 122, 192, 202}, {53, 86, 127, 233}, {84, 87, 164, 201}, {139, 151, 161, 202},
{80, 19, 99, 152}, {29, 198, 247, 8}, {137, 0, 159, 268}, {223, 262, 251, 197},
{265, 52, 158, 31}, {83, 237, 116, 41}, {131, 154, 281, 218}, {215, 253, 77, 158},
{232, 191, 126, 80}, {177, 175, 44, 230}, {84, 101, 25, 46}, {12, 111, 215, 73},
{117, 66, 57, 101}, {176, 244, 253, 56}, {0, 1, 2, 49}, {0, 4, 33, 57},
{0, 5, 7, 221}, {0, 6, 13, 261}, {0, 8, 93, 149}, {0, 11, 41, 229},
{0, 12, 81, 181}, {0, 14, 25, 185}, {0, 15, 65, 217}, {0, 18, 45, 157},
{0, 20, 125, 165}, {0, 22, 97, 177}, {0, 23, 101, 245}, {0, 24, 273, 277},
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{0, 26, 113, 233}, {0, 27, 129, 161}, {0, 42, 193, 265}, {0, 35, 173, 201},
{1, 6, 7, 201}, {1, 9, 19, 273}, {0, 31, 205, 269}, {0, 54, 189, 281},
{0, 39, 109, 237}, {1, 14, 137, 154}, {0, 50, 73, 241}, {0, 43, 47, 89},
{0, 51, 67, 257}, {1, 26, 35, 163}, {1, 46, 50, 195}, {1, 59, 99, 271},
{1, 38, 74, 227}, {1, 98, 115, 259}, {1, 15, 103, 203}, {1, 102, 107, 267},
{1, 70, 110, 191}, {1, 123, 126, 142}, {1, 118, 174, 251}, {1, 155, 187, 202},
{1, 106, 166, 199}, {1, 122, 194, 214}, {1, 159, 218, 226}, {1, 175, 211, 246},
{1, 186, 223, 231}, {1, 167, 242, 266}, {1, 182, 270, 282}, {1, 206, 254, 279},
{0, 28, 83, 135}, {0, 32, 91, 211}, {0, 34, 87, 143}, {0, 36, 115, 283},
{0, 38, 155, 215}, {0, 40, 187, 235}, {0, 44, 119, 139}, {0, 56, 183, 227},
{0, 62, 191, 255}, {2, 23, 91, 115}, {0, 71, 98, 271}, {0, 94, 123, 275},
{2, 71, 154, 279}, {0, 103, 182, 279}, {0, 90, 158, 259}, {0, 138, 199, 242},
{0, 52, 156, 219}, {0, 58, 163, 194}, {0, 126, 254, 267}, {0, 60, 162, 176},
{0, 82, 144, 258}, {0, 64, 210, 238}, {0, 66, 88, 230}, {0, 48, 124, 274},
{0, 70, 148, 278}, {0, 78, 112, 266}, {0, 74, 118, 234}, {0, 84, 170, 282},
{0, 134, 166, 218}
under the action of the mapping x 7→ x+4 (mod 284). The deficiency graph
is connected and has girth 6.
PENT(4, 100) With point set Z305, the 7625 lines are generated from
{95, 96, 162, 210}, {62, 103, 143, 210}, {84, 145, 233, 246}, {77, 84, 166, 206},
{24, 227, 228, 289}, {123, 282, 130, 176}, {176, 6, 20, 26}, {180, 44, 47, 148},
{236, 224, 119, 39}, {101, 1, 99, 97}, {110, 157, 93, 150}, {293, 245, 281, 18},
{40, 31, 270, 227}, {228, 96, 155, 149}, {6, 10, 169, 300}, {128, 242, 156, 164},
{12, 90, 71, 106}, {58, 260, 27, 292}, {251, 50, 27, 15}, {34, 19, 149, 63},
{106, 132, 82, 188}, {218, 224, 91, 66}, {301, 51, 198, 199}, {89, 270, 291, 22},
{127, 253, 141, 7}, {119, 130, 106, 76}, {270, 157, 119, 25}, {257, 129, 115, 29},
{80, 131, 214, 46}, {169, 38, 31, 106}, {211, 169, 32, 62}, {200, 156, 115, 148},
{83, 212, 117, 128}, {154, 38, 58, 42}, {301, 214, 35, 224}, {79, 285, 8, 127},
{29, 164, 161, 245}, {157, 243, 122, 81}, {113, 175, 192, 54}, {302, 137, 281, 81},
{0, 2, 31, 176}, {0, 3, 81, 211}, {0, 4, 26, 216}, {0, 5, 61, 131},
{0, 8, 116, 226}, {0, 9, 71, 196}, {0, 10, 161, 241}, {0, 13, 76, 86},
{0, 18, 106, 166}, {0, 20, 141, 206}, {1, 2, 291, 297}, {1, 3, 256, 261},
{0, 19, 91, 256}, {1, 18, 186, 208}, {0, 22, 181, 276}, {1, 12, 24, 216},
{0, 24, 87, 136}, {0, 37, 64, 111}, {1, 19, 28, 74}, {0, 39, 146, 297},
{1, 32, 49, 167}, {0, 44, 117, 171}, {1, 29, 34, 192}, {1, 47, 68, 237},
{1, 33, 89, 262}, {1, 58, 63, 112}, {1, 38, 73, 249}, {1, 39, 72, 269},
{1, 78, 117, 283}, {1, 79, 93, 227}, {1, 59, 124, 223}, {1, 92, 129, 274},
{1, 118, 137, 242}, {1, 108, 123, 289}, {1, 154, 178, 288}, {1, 173, 183, 268},
{1, 122, 188, 263}, {1, 187, 207, 213}, {1, 168, 182, 279}, {1, 142, 193, 287},
{1, 202, 248, 272}, {1, 209, 239, 273}, {1, 254, 258, 299}, {1, 214, 267, 303},
{0, 23, 54, 167}, {0, 25, 52, 267}, {0, 29, 42, 97}, {0, 30, 112, 137},
{0, 34, 62, 212}, {0, 53, 122, 207}, {0, 55, 232, 277}, {2, 7, 67, 82},
{0, 50, 127, 302}, {0, 63, 92, 272}, {0, 79, 182, 292}, {0, 59, 102, 202},
{0, 68, 84, 217}, {0, 104, 197, 269}, {2, 54, 124, 198}, {0, 229, 247, 279},
{2, 89, 208, 299}, {2, 113, 249, 298}, {2, 133, 154, 263}, {2, 44, 63, 203},
{2, 59, 119, 209}, {0, 98, 204, 287}, {0, 148, 214, 237}, {2, 24, 93, 219},
{0, 69, 175, 289}, {0, 109, 144, 165}, {0, 74, 105, 254}, {0, 158, 209, 234},
{0, 45, 153, 304}, {0, 164, 218, 278}, {0, 168, 194, 233}, {0, 119, 160, 303},
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{0, 49, 133, 215}, {0, 110, 228, 239}, {0, 93, 173, 185}, {0, 113, 163, 268},
{0, 43, 178, 203}, {0, 38, 128, 150}, {0, 65, 188, 235}, {0, 83, 138, 208},
{0, 58, 100, 180}
under the action of the mapping x 7→ x+5 (mod 305). The deficiency graph
is connected and has girth 6.
PENT(4, 120) With point set Z365, the 10950 lines are generated from
{82, 124, 276, 348}, {90, 144, 208, 263}, {12, 209, 285, 357}, {20, 106, 161, 179},
{162, 193, 226, 245}, {280, 135, 47, 114}, {328, 301, 174, 193}, {352, 281, 26, 17},
{341, 206, 361, 94}, {76, 199, 109, 54}, {166, 77, 120, 0}, {194, 286, 149, 202},
{259, 57, 71, 239}, {312, 45, 201, 247}, {128, 238, 138, 276}, {51, 104, 354, 323},
{284, 234, 22, 51}, {56, 312, 305, 248}, {252, 135, 66, 49}, {58, 187, 183, 243},
{55, 230, 18, 338}, {3, 328, 346, 168}, {117, 133, 4, 294}, {271, 55, 237, 260},
{142, 269, 273, 348}, {356, 48, 118, 19}, {332, 269, 317, 230}, {130, 188, 297, 117},
{19, 165, 359, 61}, {196, 312, 47, 272}, {137, 243, 33, 230}, {267, 98, 325, 147},
{151, 153, 114, 183}, {339, 305, 146, 94}, {100, 194, 301, 278}, {239, 178, 357, 231},
{113, 197, 296, 37}, {294, 6, 306, 330}, {134, 349, 35, 216}, {66, 165, 179, 31},
{351, 88, 201, 50}, {238, 50, 164, 350}, {269, 26, 148, 66}, {196, 100, 222, 363},
{29, 210, 36, 258}, {43, 322, 252, 171}, {164, 177, 174, 343}, {251, 32, 18, 23},
{214, 303, 314, 54}, {225, 254, 144, 15}, {178, 181, 175, 177}, {188, 264, 318, 40},
{111, 159, 50, 80}, {125, 256, 246, 259}, {71, 246, 251, 201}, {283, 10, 364, 349},
{224, 302, 60, 141}, {253, 227, 304, 12}, {186, 46, 364, 130}, {299, 77, 192, 228},
{109, 266, 287, 13}, {138, 224, 265, 150}, {304, 209, 43, 9}, {238, 127, 315, 171},
{102, 177, 127, 58}, {291, 328, 167, 208}, {181, 284, 300, 182}, {172, 64, 259, 104},
{329, 362, 66, 78}, {305, 314, 157, 291}, {0, 1, 59, 139}, {0, 4, 304, 334},
{0, 5, 89, 149}, {0, 8, 24, 264}, {0, 12, 19, 254}, {0, 15, 119, 204},
{0, 17, 69, 244}, {0, 16, 169, 309}, {0, 22, 44, 49}, {0, 18, 64, 249},
{0, 23, 229, 364}, {0, 25, 171, 299}, {0, 37, 227, 319}, {0, 10, 269, 327},
{0, 27, 174, 298}, {0, 42, 197, 209}, {0, 26, 262, 359}, {0, 62, 172, 294},
{1, 7, 12, 44}, {0, 63, 152, 214}, {1, 8, 164, 182}, {1, 16, 57, 174},
{1, 17, 63, 89}, {1, 26, 143, 364}, {1, 18, 39, 336}, {1, 32, 224, 317},
{1, 53, 197, 279}, {1, 52, 109, 276}, {1, 78, 137, 249}, {1, 64, 87, 108},
{1, 93, 198, 309}, {1, 97, 268, 269}, {2, 4, 63, 178}, {1, 79, 122, 338},
{1, 67, 126, 219}, {2, 8, 279, 307}, {2, 13, 92, 139}, {2, 98, 134, 183},
{2, 138, 233, 239}, {2, 103, 144, 242}, {2, 19, 293, 328}, {3, 53, 184, 193},
{2, 128, 329, 343}, {0, 20, 162, 332}, {0, 32, 35, 292}, {0, 45, 157, 192},
{0, 50, 302, 347}, {0, 21, 57, 222}, {0, 51, 207, 337}, {0, 47, 305, 357},
{0, 36, 287, 338}, {0, 78, 232, 286}, {1, 71, 247, 342}, {0, 66, 127, 271},
{2, 87, 203, 222}, {0, 67, 241, 295}, {1, 121, 293, 347}, {1, 86, 201, 292},
{0, 71, 237, 358}, {0, 183, 212, 316}, {1, 98, 178, 212}, {0, 97, 243, 331},
{0, 53, 176, 256}, {1, 76, 171, 323}, {0, 68, 76, 136}, {0, 91, 130, 356},
{0, 161, 248, 306}, {0, 40, 203, 251}, {0, 186, 291, 333}, {0, 85, 195, 321},
{0, 98, 111, 140}, {0, 43, 90, 196}, {0, 101, 105, 303}, {0, 83, 103, 240},
{0, 28, 93, 200}, {0, 75, 218, 233}, {0, 123, 268, 293}, {0, 88, 230, 363},
{0, 33, 185, 285}, {0, 55, 128, 150}
PENTAGONAL GEOMETRIES WITH BLOCK SIZES 4 AND 5 29
under the action of the mapping x 7→ x+5 (mod 365). The deficiency graph
is connected and has girth 6.
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